
Some integrals involving generalized polynomials sets, Aleph-function of two

 variables and multivariable Aleph-function with applications

Frédéric Ayant
 

*Teacher in High School , France
E-mail :fredericayant@gmail.com

ABSTRACT
In this document, we first evaluate certain unified integrals formulas involving various products of a generalized polynomial set, a general class of
polynomials and the multivariable Aleph-function. With the help of these integral formulas, we establish some expansion formulas for the product of
several classes of polynomials of several variables and the multivariable Aleph-function in series of several polynomials. The results established here
are quite general in character and  special number of results which follow as special cases of our results are discussed brieftly.
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1.Introduction and preliminaries.

The function Aleph of several  variables generalize the multivariable I-function recently study by C.K. Sharma and
Ahmad [7] ,  itself is an  a generalisation of G and H-functions of multiple variables.  The multiple Mellin-Barnes
integral occuring in this paper will be referred to as the multivariables Aleph-function throughout our present study and
will be defined and represented as follows.

We define :      

                                                               

  

        

 =                                                                         (1.1)

with  

        (1.2)

       

and         (1.3)

Suppose , as usual , that the parameters 
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    ;

   ; 

with  ,   ,    

are complex numbers , and the  and  are assumed to be positive real numbers for standardization 
purpose such that

       

                                                                                                                                           (1.4)

                                                                                                                                    
The reals numbers  are positives for  to  ,  are positives for   to 

The contour   is in the  -p lane and run from   to   where   is a real number with loop , if

necessary   ,ensure  that  the  poles  of   with   to    are  separated  from  those  of

with   to   and   with   to   to  the  left  of  the

contour  . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by
extension of the corresponding conditions for multivariable H-function given by as :
 

  ,   where

 

           

    ,    with  ,   ,           (1.5)

The complex numbers  are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :

   . . .   ,  . . .   

   . . .   ,  . . .    

where, with  :  and 

                                           

    

                                                          
We will use these following notations in this paper

  ;                                                                                                      (1.6)

 W                                                                                    (1.7)
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                                                                                                                    (1.9)

    (1.10)
                                                                                        

     (1.11)

The multivariable Aleph-function write :

                                                                                                                                        (1.12)

The generalized Aleph-function of two variables is defined by K. Sharma [9], it's an extension of the I-function defined
by C.K. Sharma and P.L. Mishra [8] , A. Goyal et al [1 and 2 ] , wich itself is a generalisation of G and H-function of
two variables. The double Mellin-Barnes integral occuring in this paper will be referred to as the Aleph-function of two
variables throughout our present study and will be defined and represented as follows.

 

                                   

                                                                                                 (1.13)

where : 

 =           (1.14)

                                       (1.15)

                                      (1.16)

where x and y are not equal to zero.  are non-

negative integers such that   , 
 

.
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All the   are assumed to be positive quantities ; the definition and Aleph-function of two
variables given above will howewer , have a meaning even if some these quantities are zero. The contour  is in the 
-plane and run from  to  with loops , if necessary , to ensure that the pole of , 

  lies  to  the  right  and  the  poles  of  ,   ;

 ;  to the left contour.

The contour  is in the -plane and run from  to  with loops , if necessary , to ensure that the pole of 

   ;    lies to the right and the poles of ; ;

  ;  to the left contour.

The existence conditions of ( 1.13) are given below .

                                                                        (1.17)

                                                                     (1.18)

where  ;  ; 

The condition for absolute convergence of multiple Mellin-Barnes type contour (1.13) can be obtained by extension of
the corresponding conditions for H-function of two variables given by as :

    and        ;  ;  ; , where :

   (1.19)

     (1.20)

      (1.20)

We may establish the the asymptotic expansion in the following convenient form :

      ,    

        ,     

where :  and 

                                            
     and 

 Serie representation of Aleph-function of two variables is
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                                                                            (1.21)

Where    are given respectively in (1.14), (1.15) and (1.16) and 

   ,                                   

 The generalized polynomials defined by Srivastava [10], is given in the following manner :

     

                                                                                                                  (1.22)

Where   are arbitrary positive integers and the coefficients   are arbitrary
constants, real or complex.

The generalized polynomial set defined by Raizada [ 6 ,p.64, eq.(2.1.2)] in the following Rodrigues type formula :

                                                                  (1.23)

with the differential operator  is defined by                                                                     (1.24)

Moreover it can be expressed in the following serie :

 

                                                        (1.25)

Let                                                                                                                               (1.26)

   
Taking  , in( 1.23) and (1.25), one arrives at the following polynomial set : 

                                                           (1.27)

Where    

                                                                                                                                   (1.28)

and                                                                                    (1.29)

Konhauser[4,p.303,304] has considered following pair of biorthogonal polynomials.

                                                                         (1.30)
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and                                                      (1.31)

 and the binomial expansion

 =       where     and                                 (1.32)

2. Main integrals

In the document , we note : 
 

                                                                         (2.1)
    

                                                                       (2.2)

   and                                                                                           (2.3)

and                                                                                                                   (2.4)

First integral 

   

 

     

                                               (2.5)
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where  and  are defined in (1.28) and (1.29) respectively,  is Bessel polynomial.

Provided that

a)  are positive real numbers (not all zero simultaneously)

b)

c )

d)  ; 

e )   ,   where  is given in (1.5) ; 

Second integral
                           

  

 

 

     

235



              (2.6)

  
where  is defined by (2.4)

Provided that

a)  are positive real numbers (not all zero simultaneously)

b)

c )

d) 

e)

f)   ,   where  is given in (1.5)

g)     and        where  and  are given respectively in (1.19) and (1.20)

Third integral
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                                               (2.7)

where  is defined by (1.31)

Provided that

a)  are positive real numbers (not all zero simultaneously)

b)

c )

d) 

e)

f )   ,   where  is given in (1.5)

Fourth integral 
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(2.8)

where  is defined by (2.4)

Provided that

a)  are positive real numbers (not all zero simultaneously)

b)

c )

d) 

e)

f)   ,   where  is given in (1.5)

g)     and        where  and  are given respectively in (1.19) and (1.20)

Proof of (2.5)

Let      

Using (1.23),  (1.22),  (1.32)  and  (1.9)  in  (2.5)  and  interchanging  the  orders  of  summation  and  integrations which
permissible under the conditions stated with (2.5), we get

L.H.S of (2.5)

 

                                                       (2.9)
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On evaluating the inner x-integral occuring on the R.H.S. of (2.9) and on reinterpreting the Mellin-Barnes contour
integral in the R.H.S. of (2.9) in term of the multivariable Aleph-function given by (1.1), we arrive at the desired result.

The proofs of (2.6), (2.7) and (2.8) can be developped by similar methods.

3. Fourier series

a) First Fourier-Legendre series

   

  

  

     

                       (3.1)

The equation (3.5) is valid under the same conditions mentioned in (2.5) and 

b ) Second Fourier-Legendre series
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 (3.2)

  
where  is defined by (2.4), the equation (3.6) is valid under the same conditions mentioned in (2.6) and 

c )Fourier-Bessel series
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    (3.3)

  
where  is defined by (2.4), the equation (3.7) is valid under the same conditions mentioned in (2.7).

d)Fourier-Konhauser series

  

   (3.4)

where  is defined by (2.4), the equation (3.8) is valid under the same conditions mentioned in (2.8).

Proof of (3.5)

Let L.H.S of (3.5)                                                                                                                (3.5)

Multiplying both sides by  and integrating with respect to  from 0 to , we get 
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                                                                                                           (3.6)

using the integral formula (2.5) and the following orthogonal property of Legendre polynomial [3.p.97,Eq.(5.2.4.17)

                                                 (3.7)

where
In (3.5), we find the value  and substituting the value of   in (3.10), we get the desired formula (3.5). To prove
(3.6) to (3.8), we use the similar methods and using respectively the integral formulas [3.p.97,Eq.(5.2.4.17], [5.p.135]
and [4,p.303], we can establish the expansion formulas (3.6) to (3.8).

4. Multivariable I-function4. Multivariable I-function

 If   If   then the multivariable Aleph-functions degenere to the multivariable I-functions then the multivariable Aleph-functions degenere to the multivariable I-functions
defined by Sharma et al [7]. And we have the following  results concerning the Fourier series .defined by Sharma et al [7]. And we have the following  results concerning the Fourier series .

a) First Fourier-Legendre series
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                       (4.1)

The equation (3.5) is valid under the same conditions mentioned in (2.5) and 

b ) Second Fourier-Legendre series

  

   

 (4.2)

  
where  is defined by (2.4), the equation (3.6) is valid under the same conditions mentioned in (2.6) and 

c )Fourier-Bessel series

  

243



 

     

    (4.3)

  
where  is defined by (2.4), the equation (3.7) is valid under the same conditions mentioned in (2.7).

c )Fourier-Konhauser series
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   (4.4)

  
where  is defined by (2.4), the equation (3.8) is valid under the same conditions mentioned in (2.8).

5. Multivariable H-function5. Multivariable H-function
IfIf   and     and   ,  then  the  multivariable  Aleph-function,  then  the  multivariable  Aleph-function
degenere to the multivariable H-function defined by Srivastava et al [11]. And we have the following  result.degenere to the multivariable H-function defined by Srivastava et al [11]. And we have the following  result.

a) First Fourier-Legendre series

   

     

                       (5.1)

The equation (3.5) is valid under the same conditions mentioned in (2.5) and 

245



b ) Second Fourier-Legendre series

  

   

 (5.2)

  
where  is defined by (2.4), the equation (3.6) is valid under the same conditions mentioned in (2.6) and 

c )Fourier-Bessel series
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    (5.3)

  
where  is defined by (2.4), the equation (3.7) is valid under the same conditions mentioned in (2.7).

c )Fourier-Konhauser series

  

   (5.4)
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where  is defined by (2.4), the equation (3.8) is valid under the same conditions mentioned in (2.8).

6. Conclusion

Due to the nature of the multivariable Aleph-function and the general class of polynomials   , we can get

general product of Laguerre, Legendre, Jacobi and other polynomials, the special functions of one and several variables.
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