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ABSTRACT
In this present paper, we evaluate a multiple integral with integrand involving the product of a multivariable general class of polynomials, sequence of
functions, Konhauser biorthogonal polynomials and the multivariable Aleph-functions. This integral is quite general in nature and yields several
(known and new) results as its special cases. Further, the integral is applied to establish an expansion formula for the products of a multivariable
general  class  of  polynomials,  sequence  of  functions,  Konhauser  biorthogonal  polynomials  and  the  multivariable  Aleph-functions  in  series  of
biorthogonal polynomials. Some special cases of our results are also discussed here briefly.

KEYWORDS  :  Aleph-function  of  several  variables,   multiple  integral,  Aleph-function,   Aleph-function  of  two  variables  ,  general  class  of
polynomials, sequence of functions, biorthogonal polynomials, expansion serie.
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1.Introduction and preliminaries.

Konhauser [3] has considered following pair of  the biorthogonal polynomials

                                                                                          (1.1)

and

                                                                                                 (1.2)

which were actually suggested by the Laguerre polynomials,  being a positive integer . Indeed for , each of these
polynomials reduces to the Laguerre polynomials , and their special cases when  were encountered early
by Spencer and Fano [6] in certain analytical calculations involving the penetration of Gamma rays through matter and
were studied subsequently by Preiser [4].

For this study, we need the following series formula for the general sequence of functions introduced by Agrawal and
Chaubey [1] and was established by Salim [5].

                                                             (1.3)

where        

                                                                                                (1.4)

and  

The infinite series in the right hand side of (1.3) is absolutely convergent and         
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We shall note                                                                                         (1.5)

The generalized polynomials of multivariables defined by Srivastava [9], is given in the following manner :

     (1.6)

where  are arbitrary positive integers and the coefficients   are arbitrary constants, 
real or complex. 

We shall note  

The Aleph-function of several variables is an extension the multivariable I-function defined by Sharma and Ahmad [8] ,
itself is a generalisation of G and H-functions of several variables defined by Srivastava et Panda [11,12]. The multiple
Mellin-Barnes integral occurring in this paper will be referred to as the multivariables Aleph-function of variables
throughout our present study and will be defined and represented as follows (see Ayant [2]).

We have :      

                                 

          (1.7)

with  

                                     (1.8)

       

and                                     (1.9)

For more details, see Ayant [2]. The condition for absolute convergence of multiple Mellin-Barnes type contour  can be
obtained by extension of the corresponding conditions for multivariable H-function given by as :
 

    ,   where

                ,  
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with  ,   ,                                                                                  (1.10)

The complex numbers  are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function. 

If  all the poles of (1.9) are simple ,then the integral (1.7) can be evaluated with the help of the residue theorem to give
                 

                                                                                    (1.11)

where

                                               (1.12)

                 (1.13)

and

 for                                           (1.14)

which is valid under the following conditions :              

We shall note   =  and 

     

                                             

        (1.15)

with  

                                    (1.16)
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and                                   (1.17)

For more details, see Ayant [2]. The condition for absolute convergence of multiple Mellin-Barnes type contour  can be
obtained by extension of the corresponding conditions for multivariable H-function given by as :
The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by extension of
the corresponding conditions for multivariable H-function given by as :

   ,   where

                ,  

with  ,   ,                                                                                    (1.18)

The complex numbers  are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :

     ,     

      ,      

where   :  and 

                                            

    

We shall note   = 

2. Main integral

We have the following general multiple integral

Theorem
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                                                         (2.1)

where

                                                                                                                                                 (2.2)

                                                                                                                                                                                                
                                                                                                       (2.3)

 

  

                                                                                                    (2.4)

 

                                              

                          (2.5) 

                                                                                                          (2.6)

and

                                                                                                                               (2.7)

Provided that

1)  ; 

2)  where 

3)   , where             
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4)   , where           

    

We shall note

                                                                            (2.8)

Proof

To evaluate the multiple integral (2.1), we first express the class of multivariable polynomials  in series
with the help of (1.6), the multivariable Aleph-function  in serie with the help of (1.11), the sequence of
functions  in  series  with  the  help  of  (1.4),  use  contour  integral  representation   with  the  help  of  (1.15)  for  the
multivariable Aleph-function   occuring in its left-hand side and change the order of integrations and
summations, which is permissible under the conditions stated with (2.1), we get the left-hand side of (2.1) as

L.H.S=

    

                                                                                                                                                                        (2.9)

where   is defined by (2.6). Now for evaluation of the inner  integral, using the result ([10, p.43, Eq. (3.9)) and
expressing the multiple contour integral as the multivariable Aleph-function, we get the right-had side of (2.1).

3. Particular cases

a) Taking , the integral (2.1) writes
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                                 (3.1)

where  

We obtain the same notations that (2.1) with . We have the same validity conditions 1 ), 3), 4) that (2.1) and

2') 

b) Taking , the integral (2.1) writes

  

       

                                 (3.2)
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where  

We obtain the same notations that (2.1) with . We have the same validity conditions 1 ), 3), 4) that (2.1) and

2'') 

                                                         
c) If , then the multivariable Aleph-functions reduce to Aleph-functions of two variables defined by Sharma
[7], we obtain

  

   

                                 (3.3)

under the same notations  (2.1) to (2.6) and validity conditions that (2.1) with .                                                  

c) If  , then the multivariable Aleph-functions reduce to Aleph-functions of one variable defined by Sudland
[13,14], we obtain
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                                         (3.4)

under the same notations (2.1) to (2.6) and validity conditions that (2.1) with             

4. Expansion series                                         

We have the following formula

                       

    

  (4.1)

where                   

Provided that

1)  ; 

2)  where 

3)   , where             
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4)   , where           

    

Proof

Let        

                                                                                                                                    (4.2)

Multiplying both sides  of  (4.2)  by  and integrating with respect  to   from  

respectively to , we get 

                          

  

 

                                                            (4.3)

using the integral (2.1) and the following orthogonal property ([3],p.303)

                                            (4.4)

where  are positive integers. Also  is the Kronecker delta symbol.

Subtituting (4.4) in (4.3), we find that
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                    (4.5)

Subtituting (4.5) in (4.2), we arrive at the required expansion formula (4.1), where

where                                                   (4.6)

and  (see the notation in (2.4), (2.5) and (2.8)).

5. Particular expansions

a)  Taking , the expansion formula (4.1) writes

 

    

(5.1)

where  
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b) Taking , the expansion formula (4.1) writes

  

    

                                  (5.2)

where  

c) If , then the multivariable Aleph-functions reduce to Aleph-functions of two variables defined by Sharma
[7], we obtain the following expansion

                       

    

  (5.3)

under the same notations  (2.1) to (2.6) and validity conditions that (2.1) with .       

c) If , then the multivariable Aleph-functions reduce to Aleph-functions of one variables defined by Sudland
[13,14], we obtain the following formula
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        (5.4)

under the same notations  (2.1) to (2.6) and validity conditions that (2.1) with .       

Remarks : 

By the similar procedure, the results of this document can be extented to product of any finite number of multivariable
Aleph-functions and a class of multivariable polynomials defined by Srivastava [9].

We obtain the similar formulae with the multivariable H-functions [11,12].

6. Conclusion

A number of other integrals and expansion serie formulae involving product of elementary special functions of one and
several variables can be obtained from (2.1), (3.1), (3.2), (3.4), (4.1), (5.1), (5.2), (5.3) and (5.4) as special cases. This
can be done by specializing the parameters of the sequence of functions, the class of multivariable polynomials and
multivariable Aleph functions in a suitable manner.
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