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ABSTRACT 

In this article, we generalize the CRT (Chinese Remainder Theorem) to the general contexts 
of groups and subgroups (covering Zm, rings and ideals, polynomial rings). We take 
advantage of the earlier results to develop the theory of systems of linear modular equations 
in the general context without reference to the co-primality condition. In particular, we 
develop conditions for solvability and computational procedures to get solutions, when they 
exist, under due regard to complexity. 

We bring out the equivalents of the ‘co-primality’ conditions usually assumed in the CRT. 
We reserve the discussions of the advantages / specialties of the condition to our succeeding 
paper. In particular, there we generalize the popular CRT, to the case of integer valued 
functions on an abstract set and apply to get further deeper results in the case of systems of 
linear modular equations in several unknowns. 

0. INTRODUCTION 
The systems of linear congruencies in single unknown were known in ancient India, China and Greece. The 

Chinese Remainder Theorem first appeared in the first century (e.g. see [1]). The Chinese mathematician Sun-Tsu 
sought a solution for the following puzzle. Find an integer that leaves a remainder of 2 when divided by 3, a 
remainder of 3 when divided by 5, and a remainder of 2 when divided by 7. In the congruence language, the 
puzzle is to find integers x such that x ≡ 2 (mod 3),
x ≡ 3 (mod 5), x ≡ 3 (mod 7). The relevant CRT (Chinese Remainder Theorem) is concerned with the integer 
solution x of the system: 

(0.1) jcx  (mod jn ) for j = 1,…,k, where k, n1,…, andZnk
 .,...,1 Zcc k 

Also it is usually assumed (which is not the case in this paper) that 

(0.2) ;1),( vu nn for u, v = 1,…,k with u ≠ v. 

We first generalize the CRT, to the wider context of a group G with the operation ‘.’ (Usually ‘omitted’) and its 

subgroups ).,...,1( kjG j  Under such background (e.g. see [2]), we consider the system of equations in 

:Gx
(0.3) cjx  (mod )jG i.e. jGxcj 1 for j = 1,…,k, 

Where .,...,1 Gcc k  In order to get closer to (0.1) the groups in (0.3) may be replaced by their generating sets, 

which when finite, may be replaced by ‘lists’ of their elements after the ‘mod’. In particular, if G = Z, with ‘+’, 
and Gj is formed by the set of all multiples of nj of (0.1), ‘mod Gj’ reduces to ‘mod nj’ (j = 1,…,k).
In section 1, we obtain necessary & sufficient conditions for the system (0.3) to admit a solution, for (1) specific 

cj’s and (2) all cj’s of G. From such conditions, we deduce the following corollary, which we also deduce, in 
section 2, to provide a simple elementary proof (the like of which might be available in literature some where). 

Corollary (0.4): The condition (0.2) is both necessary & sufficient for the system (0.1) to admit solutions for all 

kcc ,...,1 of Z. 
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We also obtain, among others, the uniqueness of the solutions of (0.3), when they exists, mod 

kGGG  ...10 which in the case of (0.1) reduces to ‘mod L’ where L is the L.C.M. of ,,...,1 knn even when 

(0.2) does not hold. 
In section 2, we take advantage of the more abstract theory of section 1, to discuss the theory of the general linear 

modular equations, with one or more unknowns, under no restrictions in general. 
After dealing with easier cases, the system of modular equations under consideration are converted into the 

system (0.3), where G is the group Zm (under ‘+’) and Gj is the sub group of Zm determined by the set of all 
solutions of the homogeneous equation (with constant term zero) corresponding to the jth equation of the system 
under consideration 
(J = 1,…). In the present context, the above cited G0, given as GH contextually, which is a sub group of Zm, place 
an important role in specifying the solution set S of the system (significance when S in non – empty). In order to 
make the expressions for GH and S ‘explicit / computable’, we introduce a suitable sub-group G* of GH and 
express GH and S as disjoint finite unions of cosets of G* corresponding to ‘identifiable’ finite sub-sets of a 
‘minimal box’ of the system (see remark 1 under theorem 2.5). Incidentally, the cited cosets of G* in GH, 
constitute the GH - G*. In order to further simplify the expression for S, we give a finite generating set of GH, from 
which a minimal such set may be obtained.    
We present illustrative examples, along with a number of useful and interesting results & a reasonably less 

complex procedure in section 2. 

1. SYSTEMS OF MODULAR EQUATIONS IN THE GENERAL GROUP 
   THEORETIC CONTEXTS
By way of preparing the desirable & relevant back ground, we prove the following theorem in this section. 

Theorem (1.1): As indicated in sec. 0, let us consider a group G with operation ‘.’, which we shall ‘omit’ as usual. 
Let G1,…,Gk be subgroups of G, let us consider the system of equations (in x  G):-

(1.2) jcx  (mod jG ) i.e. jj Gxc 1
, where ,Gc j  for j = 1,…,k. 

Incidentally we are also driven to consider the ‘dual’ system specified by 

(1.2)' jcx ' (mod Gj) i.e., ,1
jGxcj 

Whose parallel theory is also required. (see part (C & D) below. 
Part –A: The following statements are equivalent. 

1. The system (1.2) admits a (common) solution. 

2. The intersection of the cosets kkcGcG ,...,11 is non empty. 

3. jjjjj GGGccGcG )...()...( 11
1

1111 


  for kj ,...,2 if ).2( k
Part –B : The following statements are equivalent. 

1. The system (1.2) admits a (common solution for all kcc ,...,1 of G. 

2. The system (1.2)' admits a (common solution for all kcc ,...,1 of G.

3. jj GGG )...( 11  for j = 2,…,k, if k > 2. 

4. GGGG jj   )...( 11 for j = 2,…,k, if k > 2. 

(For some more see D & E below). 

Corollary (under part-B): (0.4) holds, in respect of the system (0.1). (A direct proof, by passing the above group 
theoretic consideration is also indicated in section 3 as an easy consequence of Lemma 3.3). 
Part – C: The following statements hold. 

1. If the system (1.2) admits a solution c, then Gx is a solution of the system iff cx  (mod G0) (G0 as 
in Sec.0), which is often stated as such c is ‘unique (mod G0)’. 

2. The above (1) also be stated in terms of cosets as ,)...(...' 111 cGGcGcG kkk  for some 

,Gc iff the former intersection is non-empty’. 

3. (Corollary): if the system (0.1) admits a common solution, then it is unique (mod L), where L is the 
L.C.M. of n1,…,nk, even if the condition (0.2) does not hold. 
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Part –D: Let QR (respectively QL) be the set of all right (respectively left) cosets of )...( 10 kGGG  in G. 

Let HR (respectively HL) be the set of all ,,...,1 kHH where jH is a right (respectively left) coset of jG in G for 

j = 1,...,k. Let hR  and hL be the binary relations (as sets specified by) 

RkR QGccGcGcGh  (:)),...,(,( 10 X HR) and 

GccGcGcGh kL  :)),...,(,( 10 ( QL X HL). 

Then the hR (from QR to HR) and hL (from QL to HL) are one to one maps and the following statements are 
equivalent. 

1. The system (1.2) admits a solution for all .,...,1 Gcc k  (as in one of (B)). 

2. hR is onto HR. 
3. hL is onto HL. 
4. 3 and 4 of Part (B). 

Part –E : If kGG ,...,1 are normal / invariant sub-groups of G or G itself is commutative, then each of 1 to 3 of the 

(above) D and 2,3,4 of B, are equivalent to the following: hR & hL reduce to a group isomorphism from the 

quotient group 
0G

G
on to the direct ‘sum’ of 

21

,...,
G

G

G

G
represented by HR = HL with the usual component wise 

operations. 
Remark: Some ideas of the above Th. (1.1) are given as exercises in the context of rings and ideals by Nathan 
Jacobson (cf. problems 10 and 11, section 2.7, page 107 of [2]). But, we need the generalization to groups as 
clarified in section 3. 

PROOF OF 1.1 (A): The assertion that (1) is equivalent to (2) follows from the fact that the solutions of the jth

equation of the system (1.2) constitute the right coset jjcG of jG in G for 

j = 1,…,k. 
We next proceed to show that (1) & (2)  (3) by induction on k > 2, and conclude the part. We first prove the 

result for k = 2. 
The (2) with k = 2 is equivalent to 

2211 cgcg  for some 11 Gg  and 22 Gg  , which is equivalent to .21
1

21 GGcc 

Now, the above statement is valid with c1 replaced by '1c the coset 11cG throughout. 

Hence we conclude that the statement (2) (k = 2) is equivalent to ,)( 21
1

211 GGccG 
which concludes the result 

when k = 2. 
We now setup the induction hypothesis that (1) & (2)  (3) with (k-1) in the place of .3k In order to 

complete the proof at this stage, we assume that one of (1) (hence (2)) and (3) holds and prove that so does the 
other. Now, this assumption, together with our induction hypothesis, implies that the first (k-1) equations of (1.2)
admit a common solution . This is equivalent to the assertion that this system consisting of the first (k-1) 
equations of (1.2) is equivalent to the system consisting of x (mod Gj) of j = 1,…,k-1, which is equivalent to 
the single equation : (as further detailed in part (C)). 

(A1) x (mod J), where .... 11  kGGJ
Thus, at this stage, the system (1.2) is equivalent to this system consisting of 

(A2) (A1) and kcx  (mod Gk). 

Now, we use the already discussed case of k = 2, to conclude that, the system (A2) admits a common solution iff

(A3) .)( 1
kJGckJ 

The assertion that (A3) is equivalent to the kth relation of (3), is implied by 

(A4) )....( 1111  kk cGcGJ
In the first place, ,jjj cGG  since  is a solution of the jth equation of (1.2), for j = 1,…, k-1. Thus, in order to 

conclude (A4) it is sufficient to realize that 

(A5) .... 11   kGGJ
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For this, let us start with SHLs .. of (A4) and ... SHRt of (A4). We close by showing that, the same 

statement holds with s and t interchanged. Now gs  for some Jg and hence belonging to Gj for j =

1,…,k-1, which implies that jGs for j = 1,…,k-1, which implies that ... SHRs of (A4). 

Next,  11 ....  kggt for some jj Gg  for j = 1,…k-1, which implies that ,... 11  kgg which 

implies that .Jt
Thus, (1) or (3) together with the induction hypothesis, imply the last relation of (3). At this stage, if (1) 

holds, the last relation of (3) is assured as above and the remaining relations of (3) are implied by the induction 
hypothesis. Hence (1) implies (3). Finally, if (3) holds, as discussed above, the first (k-1) equations admit a 
common solution  and equations of (A2) also admit a common solution, which together imply (1). 

This completes the proof of Part (A). 

THE PROOF OF 1.1B: For any Gcc k ,...,1 , B(3) implies A(3), since the right sides of A(3) become G in the 

present context. Thus, (3 of B) implies (1). In order to prove that (1)  (3), we assume (1). Now it follows that, 

A(3) holds for all .,...,1 Gcc k Let us fix the integer 11,...,&)2(  jcckjj and note that 

1111 ...  jj cGcG is non empty, because of part (A), applied to the first j-1 equations of (1.2). Hence follows 

that, for some fixed  of the said non-empty intersection, 1
jc the L.H.S of (B3) for arbitrary .Gc j  Hence 

 GG  the L.H.S. of B(3). This being true for j = 2,…,k, we get (3) of B. 

Thus, (1) is equivalent to (3). By parallel treatment, (2) is equivalent to (4). We complete the proof of the part by 
showing that, (3) is equivalent to (4). But this is easy from the commutability of the products of concerned sets, 
which is implied by the 
Lemma let A and B be subgroups of G and let AB also be a subgroup of G, then 

AB = BA. The lemma is proved by observing that, 
111 )(,,   ABABBBAA

ABABABBA   111 )(&
This completes the proof of part B. 

THE PROOF OF 1.1B COROLLARY: Let us first observe that the system (0.1) is the same as the system (1.2), 

where ZG  (with +) and Gj is the set of all multiples of jn (which are got by repeated ‘+’ of jn ) for j = 1,…,k. 

Let us fix an integer j such that kj 2 , we note that )...( 11  jj GGA is the set of all common 

multiples of 11,..., jnn and hence is generated by the L.C.M. Lj-1 of the (j-1) numbers. We also note that 

jj GA  is the set of all multiples of the G.C.D. ).,( 1 jjj nLD  Further note that ‘ ZGA jj  ’ is 

equivalent to ‘ 1jD ’ thus the condition B (3) is equivalent to jn is co-prime to each of 11,..., jnn for 

j = 2,…,k. Thus in the present context, B (3) is equivalent to (0.2). 

Hence we conclude the result, using part B.

THE PROOF OF 1.1C: But for the language of cosets, (2) is the same as (1) (c.f.A(2) above). Hence we prove 
(1) and conclude the part. We start with .Gx Assume That the system (1.2) admits a solution c. Now x is a 

solution of (1.2) iff cx  (mod Gj) or equivalently jGxc 1 for j = 1,…,k, which is equivalent to 

)...( 10
1

kGGGxc  , which is equivalent to cx  (mod G0). This completes the proof of part (C). 

THE PROOF OF 1.1C (COROLLARY): In order to prove the result, we take advantage of the specialization, 
such a G = Z..., taken up in the proof of part B corollary and note that, G0 is the set of all multiples of L. Now, the 
result follows using part C. 

THE PROOF OF 1.1D: In the first place, the assertion that hR is one-one mapping follows from the observation 

that, for each c d  G, jk GcdGGGcddGcG   1
10

1
00 )...( for j = 1,…,k. 

),...,( 1 cGcG k = ).,...,( 11 dGdG Similar is the proof that hL is a one-one mapping. 
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We next show that (1 of D)  (2). But, (1)   ),...,( 11 kkcGcG = ),...,( 1 cGcG k i.e., hR G0c =  

),...,( 11 kkcGcG for all kcc ,...,1 and some c (dependent on  ),...,( 1 kcc  (2). 

In fact that (1)  (2) admits as essentially similar proof except that, (1 of D) is to be replaced by its equivalent (2 
of B) as established in part (B).

The rest of Part (D) is covered by kcc ,...,1 This completes the proof of Part D.

THE PROOF OF 1.1E: Part (E) is essentially a restatement of part (D), except for drawing attention to the 
simplifications, like hR = hL the group isomorphism aspects,… under the additional hypothesis like that of 
invariant subgroups. 

2. SYSTEMS OF LINEAR MODULAR EQUATIONS IN ONE OR MORE 
      UNKNOWNS IN GENERAL.

In this section, we consider a system of linear modular equations in the unknown mm Zxxx  ,...,1 specified 

by 

(2.1) 111 ...  jmmjmj axaxa (mod )jn for j = 1,…,k

Where Zmmkm k,...,,, 1 and Zaa jmj 11,..., for j = 1,…,k

We also need the associated homogenous system. 

(2.1H) 0...11  mjmj xaxa (mod )jn for j = 1,…,k, 

Which is also referred to as the homogenous system corresponding to (2.1).

(2.1Hj) 0... ,11,  mmss xaxa (mod )sn for s = 1,…,j,

Which is also referred to as the system consisting of first j equations of (2.1H) for 
j = 1,…,k. 

In order to take advantage of the theory developed in section 1 and also for subsequent discussions, we introduce 
Gj as the set of all solutions of the jth equation of (2.1H) for j = 1,…,k and GH as the set of all (common) solution 
of the system (2.1H) so that  

,...1 kH GGG  which corresponds to G0 of section 1. 

We note that )(&,..., 01 GGGG Hk  from subgroups of Zm, under ‘+’. Now the system (2.1) reduces to (1.2)

when the jth equation of the former admits a solution specified by mjkjj Zccc  ,...,1 for j = 1,…,k. (2.1)

further reduces to the single equation. 
(2.1) cx  (mod GH), 
When the system admits a (common) solution, c (as also discussed in section 1). 

For some of our discussions, it is convenient to look up on Zm as a ring respectively under the component wise 
addition ‘+’ and the direct or chronicar product, which is the component wise multiplication  . So that Zm

becomes a ‘principal ideal ring’. However it may be useful to note that, the Gj's and GH need not be ideals in 
general in Zm , when m > 1, as illustrated by the following example, which warranted our general treatment in, 
section 1, using groups and subgroups instead of rings and ideals.  

Example : Consider the system consisting of the single equation: 02 21  xx (mod 6), 2
21 ),( Zxxx  . 

Now, (8,1) is a solution of the equation for the equation stroke system. But, (8,1)  (1,2) = (8,2) is not a solution.

It shows that, for this example hGG 1 is not an ideal in the ring ).,,( 2 Z

Remark: In the case m = 1, the jj ZnG  for j = 1,…,k and ZLGh  , were L is the L.C.M. of n1,...,nk, so that 

the Gj's and Gh are all ideals in Z wiewd as ring (cf. the proofs of 1.1 (B) corollary  & (C) corollary of section 1). 
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In order that, one may take advantage of the theory of section 1, we record the 
Observation 2.3: A necessary and sufficient condition for the system (2.1) to get reduced to (1.2) is that the 

individual jth equation of (2.1) admits a solution m
jmjj Zccc  ),...,( 1, for j = 1,…,k. 

Proof of 2.3: The ‘necessary’ part is obvious by a look at (1.2) to which (2.1) reduces. The order part is a 
consequence of (2.2) applied to the system consisting of the individual jth equation of (2.1) and run j among 
1,…,k.  

The useful discussion that a linear modular equation admits a solution or not is facilitated by 

Lemma 2.4 : Let Zqq mo ,..., and ,0oq then the following statements are equivalent. 

1. 



m

j
mjj qxq

1
1 (mod qo) admits a solution m

m Zxx ,...,1 . 

2. 



m

j
mjj qxq

0
1 admits a solution .,..., 1

1
 m

m Zxx .

3. The G.C.D. mo qq ,..., divides .1mq

4. The G.C.D. mo qq ,..., & 1,..., mo qq are equal. 

Proof of lemma 2.4 : The fact that (1)  (2) follows from the observation that mxx ,...,1 is a solution of the 

equation in (1) iff there exist an Zx 0 such that mxx ,...,0 is a solution of the equation in (2). That (3)  (4) 

and (2)  (3) are easily proved. In order to complete the proof of the lemma at this stage, it is sufficient to show 
that (3)  (2). For this assume (3). Denote the G.C.D. mentioned in (3), by d. Now, by (3) there exists an integer t 

such that .1 tdqm  By well known result regarding such a G.C.D. (e.g. see) there exist integers muu ,...,1 such 

that 





m

j
jj duq

0

Now, the solution mxx ,...,0 for the equation in (2), is produced taking jj tux  for 

j = 0,…,m. This completes the proof the lemma. 
Incidentally the above lemma, provides
A simple elementary deduction of corollary (0.4) (of section.0): The sufficiency of the condition (0.2), for the 

system (0.1) to admit a solution, is just the classical Chinese Remainder Theorem which is also generalized in 
section 4. In order to prove the other part, we assume that (0.2) does not hold and so that 

(#) there exist Zcc k ,...,1 such that the system (0.1) does not admit a solution. 

Our assumption implies that, there exists integers u and v such that kvu 1 and 1),(  tnn vu . Let us 

take Zcc k ,...,1 with tcc uv  where t is an integer, which is not a multiple of d. In order to complete the 

proof at this stage, it is sufficient to show that, the thu and thv equations of (0.1) do not admit a common solution. 

Now, the said equations admit a common solution iff there exists Ztt vu , such that 

,vvvuuu ntcntc 
Which, by lemma 2.4, is equivalent to uv cct  is divisible by ),( vu nnd  , which is false. Hence the 

corollary. 
Cleared by lemma 2.4, we proceed further with the investigation regarding solvability and computation / 

exhibition of the set of solutions of the system (2.1). 
In order to effectively use (2.2), we need a ‘conceivable’ version of GH and computation of a solution of (2.1). In 

order to proceed in this direction optimally, we introduce the following 
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NOTATION: 

),( ,
,

jrj

j
rj na

n
 for j = 1,…,k; r = 1,…,m ;

rjL , l.c.m. of rjr ,,...,1 for j = 1,…,k; r =1,…,m; 

),0[ ,1 rj
m
rjB 

When rjrj L ,,  , the sign being fixed independent of j, for j = 1,…,k, which is a semi closed ‘box’ in Rm, 

which, for our purposes may also be replaced by taking a translation specifying t + any such box for some 
mRt (such as to keep the (0,…,0) of mR at the center, as further detailed in Lemma 2.7 bellow and with 

significance brought out later in theorem 2.5 etc. The family of all possibilities of Bj cited earlier is sometimes 

referred to as the family of all boxes, Bj determined by ).,...,( ,1, mjj LL
m

mjjj ZLLG  ),...,( ,1,
*

for j = 1,...,k; 

),...,,( ,1, kjjj

j
j aan

n
m  for j = 1,…,k.; 

),...,,( ,1,

,
,

kjjj

rj
rj aam

a
b 

jS = the set of all common solutions of the first j equations of (2.1) 

and jjj BSC  , for j  =1,…,k; 

.KHH BGC  We write mee ,...,1 for the standard base elements of mR so that m
r Re  , the rth

component of er is one and all its other components are zero’s, for 
r = 1,…,m. 

The purpose of our endeavor is brought out by 
Theorem (2.5): throughout we fix a positive integer kj 

(1) (i) The cardinal  of m
j ZB  is its (m-dimensional) Jordan content, which is  

m

r
rjL

1
,



for j = 1,…,k. 

(2) (i) The box Bj is minimal w.r.t. its principal ingredients mjj LL ,1, ,..., , in the following sense. rrj eL , is a 

(common solution of the system (2.1Hj) consisting of the first j equations of (2.1H) : if Zur  and rreu is a 

solution of the system (2.1Hj), then rjL , divides ru , so that either 0ru or rjL , (mod ru ) for r=1,…,m. 

(ii) in particular, if Bj is chosen with t = 0 (see the above notation), in the system (2.1Hj), does not admit a solution 
in Bj with only one component different form j. 
(3) (i) Two equivalent of linear modular equations, with the same non-empty set of solutions have the same 

family of boxes. (ii) The earlier (i) is false with ‘non-empty’ omitted: in fact corresponding to any valid 
specification of such a family of boxes, there exists a linear modular equation which has no solution, but with 
which the family is associated. (iii) The system of linear modular equations and the corresponding homogenous 

system have the same family of minimal-boxes. (iv) rj , mj may also be computed as 
),( , jrj

j

mb

m
for r = 1,…,m. 

(4) (i) *
jG is sub group of jHj GGG  ...1 (equal to GH if j = k), for j = 1,…,k. (ii) Actually, *

jG is 

‘maximal’ in the sense that it is the group generated by the set of all common solutions of the first j equations on 

the axis of mR . 

(5) (i) Cj is finite set, (ii) *
jjj GCS  (which is empty iff Cj is empty) and (iii) Cj is a maximal subset of jS , 

pair wise incongruent mod *
jG (j = 1,…,k). 
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(6) (i) CH is a nonempty finite set, which is a maximal set of elements of GH, pair wise incongruent mod *
jG (ii) 

*
kHH GCG  (the RHS being ‘conceivable’) and (iii) CH contains a unique element co which is (0,…,0) mod 

*
kG and mkkoH LLcC ,1, ,...,}){(  is a finite generating set for GH, which necessarily contains a minimal 

generating set for GH useful to simplify the expression for Sk. 
(7) If one solution c of (2.1) is known, then the set of all its solutions (Sk) is given by c +GH equal to c + CH

+ *
kG , or equivalently such c is unique (mod GH)….

(8) For the system (2.1) to have no solution, it is necessary and sufficient that Cj is empty for some j. 

Remarks: 
1. in order to obtain ‘explicit’ expressions for the solution set S and GH considered in the above theorem

(2.5), one may start with ‘boxes’ determined by ),...,( 1 muu , instead of ),...,( ,1, mkk LL , where Zur and ur. 

er is solution of (2.1H) for 

r = 1,…,m and use the corresponding group *
uG . But (ii) of theorem (2.5) .2 & (ii) of theorem (2.5).3 exhibit the 

‘mini-max’ property namely the boxes determined by ),...,( ,1, mkk LL , go into and actually ‘build’ the boxes 

determined by ),...,( 1 muu , while *
kG contains *

uG , so that the former is ‘closer’ to GH than the later. The 

advantage of choosing one of the ‘smallest’ boxes is further brought out in particular by step -2 of procedure (2.8)
below. 
2. The fact, that any Bj, under a suitable topology, is homeomorphic to an m-dimensional torus (which is cited by 

some) as no purpose in the present context, except to ‘complicate’. 
3. Using 6 of theorem (2.5) one may find a minimal set of generators for GH and hence express Sk in terms of c, 

and such generators, are illustrated by example 3.10 below. 
In order to prove the theorem we need the following two lemmas. 

Lemma 2.6 : Let .,,...,, 1 ZquuZS s     Let q, uj for some j be not equal to zero.  

Then, 

(*) ),...,( 1 sququ = (mod q) ),...,( 1 suu
(we note that the GCD’s are all positive by definition) 

Lemma 2.7: Let j is an integer such that .1 kj  Bj admits the representation ),,0[ ,1 rj
m
rt  where 

,,...,1
m

m Rttt  rjrj L ,,  , for r = 1,…,m and real intervals like   [a, b) denote the set of all real’s either 

strictly between a and b or equal to a, even when a > b. Further the family }:{ *
jj GgBgF    forms a 

cover of pair wise disjoint semi closed boxes for .mR

Proof of lemma 2.7: We need only prove the last part of the lemma, which we do. Let .,...,1
m

m Rsss  In 

order to prove the result, it is sufficient to show that there exists a unique *
jGg such that .jBgs  But, this 

easily proved and well known when m = 1. Now, using this special case, there exists a unique Zhr  such that 

),[ ,, rjrrjrr tLgs  for 

r = 1,…,m. At this stage, we conclude the result taking ).,...,( ,1,1 mjmj LhLhg 

Proof of theorem 2.5:(1): We start with proof of (i). Now, ).),[( ,1 ZttZB rjrr
m
rmj    Where, 

m
m Rttt  ),...,( 1 and rjrj L ,,  as an lemma 2.7, for r=1,…,m. In order to conclude the result, 2.5 (2), we 

prove that rjL , is actually the number of integers in the ).,[ ,rjrr tt  Distinguishes the four cases arranging out 

of the possibilities tr, is an integer or not, and  rjrj L ,,  or .,rjL For example, fixing r, (1) if tr is an integer & 

rjrj L ,,  , then the integers in the concerned interval are ,1,..., ,  rjrr Ltt (2) if tr is not an integer and 
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rjrj L ,,  then the integers in the concerned interval are ].[,...,1][ , rrjr tLt  Actually, in the remaining 

two cases, the concerned integers may be obtained as ‘reflections’ w.r.t. (i) tr, if tr is an integer and (ii) integer part 

of ,2/1rt if tr is not an integer. Thus we conclude the result (i). 

Proof of theorem 2.5: (2): (i) Let us fix an integer r such that .1 mr  For any positive integer js  , the 

vector rrs e, plugged into the LHS of sth equation of (2.1Hj) or (2.1H) gives. 

0
),( ,

. 
srs

rs

ma

a
(mod ms). 

So that, rrs e, is the solution of the sth equation of (2.1Hj). Since rjL , is the LCM and hence a multiple, of

,,..., ,, rjrs  follows the former assertion of (i). In order to prove the rest of (i), let us start with Zu and 

assume that reu. is the solution of (2.1Hj). In order to complete the proof of (ii) at this stage, it is sufficient to 

show that, rjL , divides u. Now, by our assumption, for any s = 1,…,j. 

0., ua rs (mod ms). 

Which implies that, 0
),(

.
,

. 
srs

rs

ma

a
u (mod ).,rs

Which implies that, rs, divides u, since it is co-prime to 
),( ,

.

srs

rs

ma

a
(Due to the definition of rs, ) Now follows 

that rjL , divides u. Since, it is the L.C.M. of rjr ,,1 ,..., and u is a multiple or ).1(, jsrs  We conclude 

(i). 
(ii) is a direct consequence of (i) and it is stated separately, because of its significance later (see procedure 2.8). 

Proof of theorem 2.5:(3): In order to prove (i), let us start with system E1 and E2 of equivalent linear modular 
equations with the same non-empty set S of solutions. Let Hj, be the homogeneous system of equations with, the 

solutions set Sj, corresponding to Ej for j = 1, 2.  ] Sc , since S is non-empty. Now, let SchEh  .1 and 

hence is a solution of E2. Hence .)( 12 ShScch  Thus .21 SS  Proof the otherwise way is similar. 

Hence 21 SS  . Thus the homogenous system H1, H2 have the same set of solutions (necessarily non-empty), 

since 0,…,0 of Zm is a solution of both H1 and H2. But by (i) and  (ii) of (2), the family of boxes of Hj are uniquely 

determined by Sj for j = 1, 2, while 21 SS  . Hence follows (i). 

In order to prove (ii), it is sufficient to prove its second part (and possibly repeat the same equation with minor 
changes such as multiplying by non-zero integers, changing constant terms…) and this we do. Let 

ZLL m,...,1 let us consider the family F of boxes determined by ),...,( 1 mLL , Let q be a positive integer >1. 

Let us write 
m

r

m

s
s L

n
aLqn 



,
1
 for r = 1,…,m. Now the GCD .1),,...,1  qnaa m Hence ,1 Zam  

which is not a multiple of the set GCD. Now, consider the equation in .mZx





m

r
mrr axa

1
1. (mod n). 

This equation has no solution by lemma 2.4 . Further, r
rr

L
Ln

n

na

n


)/(),(
for 

r = 1,…,m. Hence its family of boxes is specified by ).,...,( 1 mLL This concludes the proof of (ii) of 3. 

Proofs of (iii & iv) of theorem (2.5) .3: 
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(iii) is obvious from the definition of .', srj The jth equation of the system (2.1H.j) and the equation 

0... ,11,  mmjj xbxb (mod mj) are equivalent by the very definitions of the sb rj ', and jm . Further the 

common solution set of the equations contains (0,…,0) of mR . Hence (iv) follows from the preceding (i) and (iii). 

Proof of theorem : 2.5: (4) : (i) Let us formally introduction the vectors mee ,...,1 of the standard base of mR . 

We write re for the point of mR with 1 at the rth place and zero’s at the remaining places, for r = 1,.,m. rr es * is 

a solution of the s equation of (2.1H), since 0
),(),(

)(
 s

ssr

sr

ssr

ssr
rsr m

ma

a

ma

ma
sa  (mod ms) for s = 1,…,k 

and r = 1,...,m.

Let us fix Zj such that ).1( kj  Now, for particular rrj eLr ,, is a common solution of the first j 

equations of (2.1H), since rjL , is a multiple of rjr ,,1 ,..., (being their LCM). Clearly,  *
jG is a group under 

‘plus’ generated by ,,..., ,11, mmjj eLeL which are all solutions of the first j equations of (2.1H). Hence follows 2.5 

(4) (i).

(ii) The result easily follows from the above (2) of the theorem (2.5)   *
jG contains all solutions of the system 

(2.1H.j) on the axis of mR . Hence follows (ii) of 4. 

Proof of theorem 2.5: (5): Let us fix an integer j such that .1 kj  Cj is finite because, Cj is contained in 
m

j ZB  , which itself is finite by 2.5(2). Next, jjj SGC  * by 2.5 (3). In order to prove the other way, let us 

start with .jSs Now, by lemma 3.7, there exists  *, jGga  such that jBgs  so that cgs  for 

some jBc . Now, since .jSs and *
jGg  , it follows that .jjj cBSc  Hence follows that 

*
jj GCgcs  . This completes the proof of (ii). 

We finally prove (iii). Let .,...,&,..., 11 jmm Bvvvuuu  By lemma (2.7) it follows that, 

rjrr Lvu ,||(*)  for r = 1,…..m. 

Suppose that u  v (mod *
jG ). It follows that, 

(**) rjrrr Lqvu , for some ,Zqr  for r = 1,…,m. 

Now, the (*) and (**) imply that 0rq for r = 1,…,m. 

So that u = v, if vu  (mod *
jG ). Hence it follows that, the (different) points of Bj and hence of Cj are 

incongruent (mod *
jG ).  Now, (ii) implies the maximality aspect of (iii). This completes the proof (2.5). 4.

Proof of theorem 2.5 : (6): But for their importance in obtaining convenient expression for GH (also useful later),  
the results (i) and (ii) are essentially consequence of (2.5).4 applied to the system (2.1H). In order to prove the 
formally uncovered part, that CH is nonempty,  we observe that (0,...,0)  GH, so that GH is nonempty, and use (ii) 

of (2.5).4. (iii) Due to the maximality property of CH cited in (i), there exists a unique )0,...,0(0 c (mod *
jG ). 

Let }{ 0cCH  consists of tcc ,...,1 for some t  Z+. Now by (ii),


t

r
krH GcG

0

*





Now, since *
0 kGc  , it follows that .**

0 kk GGc  Hence *
0 kGc  is generated by },,...,{ ,1, mkk LL while 

*
ks Gc  is generated by },...,,{ ,1, mkks LLc for s = 1,…, m. Hence follows (iii). 
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Proof of theorem: 2.5 : (7): Let c be a solution of (2.1). Now, x is a solution of (2.1) HGcx  , 

equivalent to HGcx  . Thus, we get that .Hk GcS  The remaining part of the result is a consequence of 

(2.5) .5. 

Proof of theorem 2.5: (8): jC is empty for some jSj  is empty for some j by (ii) of (2.5). 4  the first 

equations of (2.1) have no solution for some j  (2.1) has no solution. This completes the proof of the theorem. 

We shall now give a procedure to decide whether the system (2.1) has solutions or not and find the set of all 

solutions in the former case, under due regard to reduction of complexity with measures such as choosing srj ',
instead of sm j ' to reduce the ‘box dimensions’. 

Procedure 2.8: The procedure consists of executing the steps given below in the indicated order. 

1. If any of the equations of (2.1) has no solution, as may be decided using lemma (2.4) (3), declare that the 
system has no solution and stop the procedure, otherwise proceed further. 
2. Find the set of all members of B1, which satisfy the first equation of (2.1) by direct testing, and declare the set 

as C1. (The number of tests required is given by theorem (2.5). (2): (i) and (iii) of 2 theorem 2.5. 

3. Inductively, having ensured that 1jC is non-empty, proceed further (j = 2,…). Consider the set 

).( *
11   jjjj GCBt Find the set of all solution of the jth equation of (2.1) among members of tj by direct 

testing. (Number of such tests is specified by (i) and (iii) of theorem (2.5) and declare the set as Cj. If Cj is empty, 
declare that the first j equations of (2.1) have no common solution and hence that the system (2.1) has no 
(common) solution and stop the procedure. Otherwise, proceed inductively / successively further until the 
procedure gets stopped at some j, less than or equal to k. 
4. If Ck is reached and it is not empty, declare that the system (2.1) admits a common solution and that the set of 

all such common solutions .*
kKk GCS 

5. In order to simplify the expression for kS in step -4 (when relevant), 5 & 6 of theorem (2.5) may be used (see 

examples 2.10 below). 

Validation of the procedure 2.8 The validation of step-1 is as already indicated in the same using lemma (2.4).3. 
The very definition of C1 justifies the former part of step-2. That C1 is non-empty is implied by the continuous in 
step -2, after step-1 and by 7 of the theorem (2.5) restricted to the system consisting of the first equation of (2.1).
The validation of step-3 is based on 4 & 7 of theorem (2.5) and it is fairly similar to that of step-2. The
justification of step-4 is relevant, when Ck is reached, and in that case it is covered by that of step-3, step-5 is 
essentially 5 of theorem (2.5) this completes the validation of the procedure. 

Remark 2.10: Further reduction of the complexity of the procedure 2.8 may be considered. In order to reduce the 
number of tests / plugging in step 2 of 2.8, one might reorder the equations of (2.1), so that the ‘box’ (like B1) of 
the first  equation of (2.1) has minimum m-dimensional content / volume among the contents of the ‘boxes’ of the 
individual equations of (2.1). Actually one might consider, arranging the equations of (2.1) in the increasing order 
of the contents of their boxes. 

Examples 2.10 We illustrate cases in which the minimal generating sets for GH is not relevant, the cases in which 
such set is relevant to achieve simplifications and also the cases in which a system reduces to a single equation 
even without the co-primality condition (0.2).

Let us consider the systems of equations in Zxx 21, , the first system S consisting of 

a. 121  xx (mod 2) 

b. 121  xx (mod 4), 

the corresponding homogeneous system (Sh) consisting of 

(1h) 021  xx (mod 2) 
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(2h) 021  xx (mod 4), 

And also make use of the modification of (2) specified by 

(2m) 321  xx (mod 4). 

We shall first examine the systems essentially w.r.t. our procedure (2.8). We easily clear step-1 and go to step-2. 
In accordance with remark 2.10 concerning reduction of complexity, equations (1) and (1h) admit a smaller box 

)2,0[)2,0[1 B than the box  )4.0[)4.0[  of (2), (2h), (2m), which is also an admissible box B2 for the 

systems under consideration. Now, we easily verify that the set of solutions of (1) in B1 is )}1,0(),0,1{(1C , 

the set of solutions of (1h) in B1 is. 

)}1,1(),0,0{(1 HC

Now we need go to step-3 of the procedure (restricting to just j = 2). We successively obtain the following. 

}.,:)2,2{()2,2( 2121
2*

1 ZqqqqZG 
The set of all solutions S1 of (1) is 

2
2121

*
11 ,:),{()( ZqqqqGC  ; one of q1, q2 is odd while the other is even}, which may reasonably be 

expected to be guess along with the result concerning the set GH1 of solutions of (1h) given below. 

:,:),{( 2
2121

*
111 ZqqqqGCG HH  either both q1, q2 even or both odd}. 

)};2,3(),3,2(),1,2(),2,1(),0,3(),3,0(),1,0(),0,1{(12  SB

)}.2,2(),3,3(),1,3(),3,1(),1,1(),0,2(),2,0(),0,0{(12  HGB The set of all solutions of equation (1) in B2

is

)};2,3(),3,2(),1,0(),0,1{(2 C the set of all solutions of (1h) in B2 is 

}.,:)4,4{()4,4()}.1,3(),3,1(),2,2(),0,0{( 2121
2*

22 ZqqqqZGCH 

Now we reach the step-4 of the procedure to declare that the set of all solutions of the system S is 

,*
222 GCS  which however, is a disjoint union of four cosets of *

2G (in G). Now, we propose to go to step-5 

of the procedure to simplify the above expression for S2. In this connection, we need simplify the expression for 

the set 2HH CG  directly given by ,*
22 GCG HH  which is similar to the earlier expression of S2. Our 

interest in simplifying the expression for the group GH is based on the fact that S2 = some member of   

HGSB  22( (because of 6 of theorem (2.5), so that 

.)0,1(2 HGS 
Using 5 of theorem (2.5), a generating set for the group GH is given by 

)}1,3(),3,1(),2,2(),0,4(),4,0{(E
Now any element of E is, for some integer, 
(x, 4 – x ) = (0,4) + x (1, -1) = (0,4) + x [(1,3) – (0,4)] = (0,4) (1-x) + x (1,3). Hence, E1 = {(0,4), (1,3)} is 

generating set for GH. Also, it is minimal such set, since otherwise, (1,3) and (4,0) we have to be linearly 
dependent in R2,  which is false. Thus, even is a minimal generating set for GH. One may choose others. In 
particular, E2 = {(2,2), (3,1)} is also a minimal generating set for GH. 

Since, (4,0) = 2 (3,1) – (2,2) etc. Using E1, 

),:)34,{(},:)3,1()4,0{( 212122121 ZqqqqqZqqqqGH  . Hence, based on 

}.,:)34,1{()0,1(, 2121221 ZqqqqqGSE H 

We finally give instances, where a system of equations (more than one) reduces to a single equation. Let us first 

consider the system )( mS consisting of (1) and (2m). Our assertion is that the system is equivalent to the single 
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(2m). Clearly a solution of )( mS is a solution of (2m). In the converse direction, if 21, xx of Z2 is a solution of 

(2m). It follows that,  21 xx (3 mod 2),  21 xx (1 mod 2), which implies that 21, xx is a solution of (1) 

and hence of the system )( mS . 

Actually the system )( hS may, like wise, we shown to be equivalent to the single equation (2h). We close the 

discussions. 
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