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Abstract 

The aim of this paper is to determine some common fixed point theorems for contraction 

mappings. This results presented in the paper generalize and extend the result of A. K. Dubey, R. 

Shukla and R.P.dubey [14]. 
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1. Introduction 

Fixed point theorems are irrevocable in the theory of non linear analysis. In this area, the first 

important and significant result was proved by Banach in 1922[1] for contraction mappings in 

complete metric space, which is well- known as a Banach fixed point theorem. A comprehensive 

literature and generalization of fixed point theorems or Banach contraction theorem can be found in 

[2], [3], [4] and [5]. Kannan [2] proved a fixed point theorem for new type of contraction mappings 

called Kannan mappings in a complete metric space. In some papers, authors define new contractions 

and discuss the existence and uniqueness of fixed point of for such spaces. 

 The concept of dislocated metric space was introduced by P. Hitzler and seda [6] and [7] in which 

thev self distance of points need not to be zero necessarily. They also generalized famous Banach 

contraction principle in dislocated metric space. Recently, Zeyada et al. [8] develops the notion of 

complete 𝑑𝑞 − metric spaces and generalized fixed point theorem due to Hitzler and Seda[6] in 

dislocated quasi- metric spaces. After many papers have been published containing fixed point results 

in𝑑𝑞 − metric spaces see([9], [10],[11], [13],[14] and [15]. In 2014, Dubey et al. [14] established some 

fixed point theorems in dislocated quasi-metric space as follows: 

Theorem 1.1: Let(X, d) be a complete dislocated quasi- metric space and suppose 𝑇: 𝑋 ⟶ 𝑋 be a 

continuous mapping satisfying the following condition, 

                           𝑑(𝑇𝑥,𝑇𝑦)  ≤  𝛼𝑑(𝑥 , 𝑦)  + 𝛽[ 𝑑(𝑥, 𝑇𝑥)  + 𝑑(𝑦, 𝑇𝑦) ]  ………. (1) 

where 𝛼, 𝛽 are non negative , which may depends on both 𝑥 and 𝑦 , such that  

                                                           Sup{𝛼 + 2𝛽: 𝑥, 𝑦 ∈ 𝑋} < 1.  

Then 𝑇 has unique fixed point. 

http://www.journalshub.com/


S. K. Tiwari 

 

474 
 

Theorem 1.2: Let(X, d) be a complete dislocated quasi- metric space and suppose 𝑇: 𝑋 ⟶ 𝑋 be a 

continuous function satisfying the following condition, 

                           𝑑(𝑇𝑥, 𝑇𝑦)  ≤  𝛼𝑑(𝑥 , 𝑦)  + 𝛽[ 𝑑(𝑥, 𝑇𝑦)  + 𝑑(𝑦, 𝑇𝑥) ]  ………. (2) 

where 𝛼, 𝛽 are non negative , which may depends on both 𝑥 and 𝑦 , such that  

                                                           Sup{𝛼 + 2𝛽: 𝑥, 𝑦 ∈ 𝑋} < 1.  

 

In this paper, we prove common fixed point theorems for contraction mappings in dislocated quasi-

metric space. Our results generalize and extend the respective above theorems 1.1 and 1.2 of [8]. 

2. Preliminaries 

Definition 2.1 [6] : Let 𝑋 be a non – empty set let 𝑑: 𝑋 𝑥𝑋 → [ 0,∞] be a function satisfies the following 

conditions: 

(i) d (𝑥, 𝑦) = d (𝑦, 𝑥) = 0 implies 𝑥 = 𝑦. 

(ii)  d (𝑥, 𝑦) ≤  d (𝑥, z) + d (z, 𝑦) for all𝑥, 𝑦, z ∊ X. 

 

Then d is called a dislocated quasi - metric on X. If 𝑑 satisfies 𝑑(𝑥, 𝑥) = 0, then it is called a quasi – 

metric on X. If 𝑑 satisfies 𝑑(𝑥, 𝑦) =  𝑑(𝑦, 𝑥), then it is called dislocated metric. 

Definition 2.2[6]: Let (X, d) be a dislocated quasi -metric space, 𝑥∊ X and { n}n≥1 a sequence in X. Then, 

(i) {𝑥n}n≥ 1 dislocated quasi - converges to x  if lim
𝑛→∞

𝑑(𝑥𝑛, 𝑥) =  lim
𝑛→∞

𝑑(𝑥, 𝑥𝑛) = 0 

 

(ii) {𝑥n}n ≥ 1 is said to be a Cauchy sequence if for given 𝜀 > 0 ∃ 𝑛0  ∈ 𝑁  such that  

 

                                𝑑(𝑥𝑚, 𝑥𝑛)  < 𝜀 or  (𝑥𝑛 , 𝑥𝑚) < 𝜀 for all 𝑚, 𝑛 ≥ 𝑛0 

 

(iii) A dislocated quasi – metric space (𝑋, 𝑑) is called a complete if every Cauchy       sequence in X 

is a dislocated convergent 

Definition 2.3[6]: Let (X, 𝑑1) and (𝑋, 𝑑2) be a dislocated metric space and 𝑇: 𝑋 → 𝑌 be a function. Then 

𝑇 is continuous to 𝑥𝑜 ∈ 𝑋, if for each sequence  { xn}n≥1 which is 𝑑1 − 𝑞 convergent to 𝑥0 , the 

sequence{𝑥(𝑥𝑥)} is 𝑥2 − 𝑥 convergent to 𝑥(𝑥
0
) in Y. 

Definition 2.4[6]: Let (X, d) be a dislocated quasi -metric space. A map  𝑥:𝑥 → 𝑥 is a contraction, if 

there exist 0 ≤ 𝝀 < 1 such that  

                                       𝑥(𝑥𝑥,𝑥𝑥) ≤ 𝑥𝑥(𝑥,𝑥) for all𝑥,𝑥, ∈ 𝑥. 

Lemma 2.5 [6]: Limit in a 𝑥𝑥- metric space is unique. 

Lemma 2.6 [6]: let (X, d) be a dislocated quasi -metric space and let   𝑥:𝑥 → 𝑥  be a continuous 

function, then {(𝑥𝑥(𝑥0))} is a Cauchy sequence for each 𝑥0 ∈ 𝑥. 

3. Main results 

Theorem 3.1: Let(X, d) be a complete dislocated quasi- metric space and suppose 𝑥1,𝑥2: 𝑥 ⟶ 𝑥 be 

any two continuous function satisfying the following condition, 
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                           𝑥(𝑥1𝑥, 𝑥2𝑥)  ≤  𝑥𝑥(𝑥 ,𝑥)  + 𝑥[ 𝑥(𝑥,𝑥1𝑥)  + 𝑥(𝑥,𝑥2 𝑥) ]  ………. (1) 

where 𝑥,𝑥 are non negative , which may depends on both 𝑥 and 𝑥 , such that  

                                                           Sup{𝑥 + 2𝑥:𝑥,𝑥 ∈ 𝑥} < 1.  

Then 𝑥1 and 𝑥2 have a unique common fixed point in 𝑥. 

Proof: For each  𝑥0 ∈ 𝑥 and n ≥ 1, set 𝑥1 = 𝑥1𝑥0 and 𝑥2𝑥+1 = 𝑥1𝑥2𝑥 =  T1
2n+1x0. 

Similarly 𝑥2𝑥+2 = 𝑥2𝑥2𝑥+1 = T2
2n+2𝑥0 . Then we have 

              𝑥 (𝑥2𝑥 ,𝑥2𝑥+1)   =  𝑥(𝑥1𝑥2𝑥−1 ,𝑥2𝑥2𝑥) 

                 ≤    𝑥𝑥(𝑥2𝑥−1,𝑥2𝑥) +  𝑥[𝑥(𝑥2𝑥−1,𝑥1𝑥2𝑥−1) + 𝑥(𝑥2𝑥,𝑥2𝑥2𝑥)] 

     =    𝑥𝑥(𝑥2𝑥−1,𝑥2𝑥) +  𝑥[𝑥(𝑥2𝑥−1,𝑥2𝑥) + 𝑥(𝑥2𝑥,𝑥2𝑥+1)] 

    ≤  (𝑥 + 𝑥)𝑥((𝑥2𝑥,𝑥2𝑥−1) +  𝑥[𝑥(𝑥2𝑥,𝑥2𝑥+1)] 

             𝑥 (𝑥2𝑥 ,𝑥2𝑥+1)  ≤  
  𝑥+𝑥

1−𝑥
 𝑥((𝑥2𝑥,𝑥2𝑥−1)        

              𝑥 (𝑥2𝑥+1 ,𝑥2𝑥)  ≤  𝑥 𝑥((𝑥2𝑥,𝑥2𝑥−1) 

  Where        𝑥 =
  𝑥+𝑥

1−𝑥
  

Similarly, we can show that  𝑥 (𝑥2𝑥−1,𝑥2𝑥)  ≤  𝑥 𝑥(𝑥2𝑥−2,𝑥2𝑥−1) 

In this way, we get 𝑥 (𝑥2𝑥+1 ,𝑥2𝑥)  ≤  𝑥 𝑥𝑥((𝑥0,𝑥1) 

Since 0 ≤ 𝝀 < 1,  so for 𝑥 → ∞, 𝑥 𝑥 → 0 we have 𝑥(𝑥2𝑥+1 ,𝑥2𝑥) → ∞. Hence {𝑥2𝑥} is a Cauchy sequence 

in the complete dislocated quasi-metric space in 𝑥. So, there is a point 𝑥0 ∈ 𝑥 such that 𝑥2𝑥 → 𝑥0 as 

𝑥 → ∞. also the sub sequences {𝑥2𝑥} and {𝑥2𝑥+1 ,} converge to 𝑥0. 

Since 𝑥1 is continuous we have  

                               𝑥1(𝑥0) = lim
𝑥→∞

𝑥1𝑥2𝑥
= lim

𝑥→∞
𝑥2𝑥+1 = 𝑥0 

Thus 𝑥1(𝑥0)  =𝑥0. Similarly, taking the continuity of  𝑥2. We can show that 𝑥2(𝑥0)  =𝑥0. 

Hence  𝑥0 is the common fixed point of 𝑥1 and 𝑥2. 

Uniqueness: Let 𝑥1 and 𝑥2 have two common fixed points of 𝑥0 and 𝑥0 for 𝑥0  ≠ 𝑥0. Then by given 

condition we have 

                                    𝑥(𝑥0 ,𝑥0 ) =  𝑥(𝑥
1
𝑥0 ,𝑥2𝑥0)  

                                                       ≤  𝑥𝑥(𝑥0 ,𝑥0)+ 𝑥[ 𝑥(𝑥0,𝑥1𝑥0)  + 𝑥(𝑥0,𝑥2𝑥0) ] … …  (2) 

Since 𝑥0 and 𝑥0are common fixed points of 𝑥1 and 𝑥2,condition (1) implies that 𝑥(𝑥0 ,𝑥0)= 0 

and (𝑥0 ,𝑥0) . Thus equation (2) becomes 

                                          𝑥(𝑥0 ,𝑥0) ≤ 𝑥𝑥(𝑥0 ,𝑥0) …………………………………........ (3) 
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 Similarly we have  

                                       𝑥(𝑥0 ,𝑥0) ≤ 𝑥𝑥(𝑥0 ,𝑥0)………………………………………… (4) 

 Subtracting (4) from (3) we get  

  |𝑥(𝑥0 ,𝑥0) − 𝑥(𝑥0 ,𝑥0)| ≤ |𝑥||𝑥(𝑥0 ,𝑥0) − 𝑥(𝑥0 ,𝑥0)| 

Since 𝑥 < 1, so the above inequality is possible if 

 |𝑥(𝑥0 ,𝑥0) − 𝑥(𝑥0 ,𝑥0)| = 0……………………………………  (5) 

By combining equations (3), (4) and (5), one can get 𝑥(𝑥0 ,𝑥0) = 0 and 𝑥(𝑥0 ,𝑥0) = 0. Using (i) we 

have 𝑥0  = 𝑥0. Hence 𝑥1 and 𝑥2 have a unique common fixed point in 𝑥. 

Theorem 3.2: Let(X, d) be a complete dislocated quasi- metric space and suppose 𝑥1,𝑥2: 𝑥 ⟶ 𝑥 be 

any two continuous function satisfying the following condition, 

                           𝑥(𝑥1𝑥,  𝑥2𝑥)  ≤  𝑥𝑥(𝑥 ,𝑥)  + 𝑥[ 𝑥(𝑥,𝑥2𝑥)  + 𝑥(𝑥,𝑥1 𝑥) ]  ………. (2) 

where 𝑥,𝑥 are non negative , which may depends on both 𝑥 and 𝑥 , such that  

                                                           Sup{𝑥 + 2𝑥:𝑥,𝑥 ∈ 𝑥} < 1.  

Then 𝑥1 and 𝑥2 have an unique common fixed point in 𝑥. 

Proof: For each  𝑥0 ∈ 𝑥 and n ≥ 1, set 𝑥1 = 𝑥1𝑥0 and 𝑥2𝑥+1 = 𝑥1𝑥2𝑥 =  T1
2n+1x0. 

Similarly 𝑥2𝑥+2 = 𝑥2𝑥2𝑥+1 = T2
2n+2𝑥0 . Then we have 

  𝑥 (𝑥2𝑥 ,𝑥2𝑥+1)   =  𝑥(𝑥1𝑥2𝑥−1 ,𝑥2𝑥2𝑥) 

                 ≤    𝑥𝑥(𝑥2𝑥−1,𝑥2𝑥) +  𝑥[𝑥(𝑥2𝑥−1,𝑥2𝑥2𝑥) + 𝑥(𝑥2𝑥,𝑥1𝑥2𝑥−1)] 

      =    𝑥𝑥(𝑥2𝑥−1,𝑥2𝑥) +  𝑥[𝑥(𝑥2𝑥−1,𝑥2𝑥+1) + 𝑥(𝑥2𝑥,𝑥2𝑥)] 

                                        ≤   𝑥𝑥(𝑥2𝑥,𝑥2𝑥−1)  + 𝑥[𝑥(𝑥2𝑥,𝑥2𝑥−1) + 𝑥(𝑥2𝑥+1,𝑥2𝑥)] 

       ≤  (𝑥 + 𝑥)𝑥((𝑥2𝑥,𝑥2𝑥−1) +  𝑥[𝑥(𝑥2𝑥+1,𝑥2𝑥)] 

                 𝑥 (𝑥2𝑥+1 ,𝑥2𝑥)  ≤  
  𝑥+𝑥

1−𝑥
 𝑥((𝑥2𝑥,𝑥2𝑥−1)        

               𝑥 (𝑥2𝑥+1 ,𝑥2𝑥)  ≤  𝑥 𝑥((𝑥2𝑥,𝑥2𝑥−1) 

  Where        𝑥 =
  𝑥+𝑥

1−𝑥
  

Rest of the proof of this theorem is same as theorem 3.1. 

REFERENCES 

[1] Banach, S.(1922) Sur ,les operations dans ensembles et leur application aux questions 

       Intgraloes, Fund. Math. J. 3, 133-181. 

[2] Kannan, R.(1968) Some results on fixed points, Bull. Calcutta Math. Soc.60 71-76. 



Some Common Fixed Point Results in Dislocated… 

477 
 

[3] Dass, B. K. and Gupta, S. (1975) An extension of Banach contraction principle through  

       rational expression, Indian  J. Pure appl. Math. 6, 1455-1458. 

[4] Ciric, Lj. B.(1974) A generalization of Banach’s contraction principle, Proceeding of the  

     American Mathematical Society, 45(2) 

[5] Rhoades, B. E.(1977) , A comparison of various definitions of contractive mapping ,  

       Tra.Aer. Soc. 226, 257-290. 

[6] Hitzler, P. and Seda (2000), Dislocated Topologies, Journal of Electrical Engineering,  

       51(12/5), 3-7. 

[7]. Hitzler, P. (2001), Generalized metrics and Topology in logic programming semantics,     

       P.hd. thesis, National University of Ireland. 

[8]  Zeyada, F.. M. and Hassan, G. H. Ahmad , M. a.(2005),  A generalization of a fixed point  

       theorem due to Hitzler and Seda in dislocated quasi –metric spaces, The Arabian J.  for  

       sci. and Enggi.31(1a) 111-114. 

[9] Aage C. T.and Salunke, J. N. (2008) The results on fixed points in dislocated and  

      dislocated quasi- metric spaces, Applied Mathematical Sciences, 2(59) 2941-2948. 

[10]. Aage C. T.and Salunke, J. N. (2008) A generalization of a fixed popint theores  in  

         dislocated quasi- metric spaces, Applied Mathematical Sciences, 9(2) ,1-5.. 

[11]. Isufati, A.(2010), , J. N. (2008),  fixed points  theorem in  dislocated quasi- metric  

          spaces, Applied Mathematical Sciences, 4(4) ,217-223.. 

[12] Jha, K., Rao, K. P. R. and Panthi, D. (2012), A common fixed point theorem for four  

         mappings in dislocated quasi- metric spaces, Int. J. Maths. Sxci. Eng. App. 6910, 417- 

         424. 

[13].Shrivastava, R., Ansari, Z. K. and Sharma, M.(2012), Some results on fixed points in  

        Dislocated quasi- metric spaces, J. Advance study in topology 3(1), 25-31. 

[14] Dubey, A. K., Reena Shukla and Dubey, R.P. (2014), some fixed point result in  

        Dislocated quasi- metric spaces, 9(1), 103-106. 

[15]. Muraliraj, A. et al(2014), Generalization of fixed points in  dislocated quasi- metric  

         spaces, Advance in inequalities and applications , 2014:17. 

 


	3. Main results

