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ABSTRACT
Prasad et al [2] deals with application of the multivariable H-function in solving the fundamental partial differential equation of diffusion of heat in a
cylinder. The present paper deals with the application of the  multivariable Aleph-function defined by Ayant [1],  the Srivastava-Daoust function and a
class of multivariable polynomials in solving the partial differential equation governing the problem of diffusion of heat in a cylinder. Finally, we shall
see the particular cases concerning the Aleph-function of two variables defined by Sharma  [6], the I-function of two variables defined by Sharma et
al [5] and a class of polynomials of one variable defined by Srivastava [8].
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1. Introduction and notations

We have the   multivariable  Aleph-function [1],   the  Srivastava-Daoust  function  [10]  and  a  class  of  multivariable
polynomials [9] in solving the partial differential equation governing the problem of diffusion of heat in a cylinder of
radius   when there are sources of heat within it which lead to an axially symmetrical temperature distribution. The
fundamental differential equation of diffusion of heat conduction, given by Sneddon [7, page202,Eq.(166)] is

                                                             

                                                                                                                                      (1.1)

where   and   are the axial heat  source,  temperature at a distance   from the axis and the conductivity of the
material respectively.
We assume that the rate of heat generation is independant of temperature and the cylinder is infinitely long. We shall, in
addition, suppose that the surface  is maintained at zero temperature and the initial temperature distribution is also
zero. We further assume that

                                                                                                                                                      (1.2)

where  is the diffusivity of the material. It will be observed that the single  can represent both sources and sinks
embedded in the system. Whenever the product  gives a negative value, it should be treated as a sink. We shall
characterise the heat sources by the behaviour of the function .
The multivariable Aleph-function is an extension of the multivariable I-function recently defined by C.K. Sharma and
Ahmad  [4]  ,  itself  is  a  generalization  of  the  multivariable  H-function  defined  by  Srivastava  et  al  [11,12].  The
multivariable Aleph-function is defined by means of the multiple contour integral :
 
We have :
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            (1.1)

with  

the quantities  and  are defined by  Ayant [1]. The condition for absolute convergence of multiple
Mellin-Barnes type contour (1.9) can be obtained by extension of the corresponding conditions for multivariable H-
function given by as :
 

    ,   where

 

                                          

          

                                                                                                    (1.2)

with  ,   ,                                  

The complex numbers  are not zero.Throughout this document , we assume the existence and absolute convergence 
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :

     ,     

    ,      

where   :  and 

                                        
                  
For convenience, we shall use the following notations in this paper.

                                                                                                                                                (1.3)

 W                                                                                                    (1.4)

                                                              

                                                  (1.5)

                                                      

                                                    

   
The generalized polynomials defined by Srivastava [9], is given in the following manner :
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          (1.6)

Where  are arbitrary positive integers and the coefficients   are arbitrary constants,
real or complex.

The Srivastava-Daoust function is defined by (see [10]):

                         (1.7)

where

                                                                               (1.8)                                                (1.8)

The series given by (1.3) converges absolutely if 

                                                                                        (1.9)

For more details, see Srivastava and Daoust ([10], 1969).

We shall note 

                                                                                      (1.10)

                                                                                                                                                      (1.11)

2. Main integral

We shall use the following result in the subsequent discussion
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                                             (2.1)

Provided that 

    ,   where  is defined by (1.2)

 and  

                                                          

       

Proof

To  prove  (2.1),  first  expressing  a  class  of  multivariable  polynomials  defined  by  Srivastava  [8]    in
serie with the help of (1.6), the Srivastava-Daoust function   [10] in serie with the help of (1.7) and the Bessel
function   in serie  and we interchange the order of summations and -integral (which is permissible under the
conditions stated). Expressing the Aleph-function of r-variables in Mellin-Barnes contour integral with the help of (1.1)
and interchange the order of integrations which is justifiable due to absolute convergence of the integral involved in the
process. Now  collecting the power of  and  and use the result ([3], (2.2.4), page 296, Eq.8) and interpreting the
Mellin-Barnes contour integral in multivariable Aleph-function, we obtain the desired result (2.1).

4.Finite Hankel transform 

Let the finite Hankel transform of order , see ( Sneddon [7], page 82).

                                                                                                                                       (3.1)

where  is the root of the transcentental equation 

                                                                                                                                                                    (3.2)

when 

                            

                                                                                      (3.3)

In (3.1), then using the result (2.1), we get 
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                                             (3.4)

provided that the conditions given in (2.1) are satisfied.
By virtue of the inversion (theorem 30 due to Sneddon [7, page 83]), we have 

                                        

                                                                               

                              

         

                                             (3.5)

where the sum is taken over all the positive roots of (3.2) and the conditions stated in (2.1) are satisfied. The solution
(3.5) will be useful in verification of the solution which we shall give in the next section.
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4. Solution of problem 

We apply finite Hankel transform (3.1) to obtain the solution (1.1). Its solution obtained on similar lines as in Sneddon
[7, page 203, Eq.(168)] when

                                                                                                                                                      (4.1)

where  and  are functions of  and  alone respectively, is 

                      

         

                                (4.2)

where

                                                                                                                               (4.3)

provided that the conditions given in (2.1) are satisfied.

5. Verification of the solution

From (4.2), we have 

                     

     

      (5.1)
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From (3.5) and (4.1), we obtain 

                        

         

                                      (5.2)

From (4.2), we obtain

                            

         

                       

                                                                                                                                 (5.3)

Substitute the above values in (1.1), the equation is satisfied. The boundary condition  is satisfied because
 which is present in every term of  is zero. The initial condition is satisfied because . We see

that (4.2) converges uniformely when  and hence the function  represented it is continuous when .
The  term  by  term  differentiation  is  justified  because  (5.1)  and  (5.3)  are  uniformly  convergent  when   and

6. Heat source of general character

Let the function  be
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                                                                                       (6.1)

Now               

    

                                                              (6.2)

After expanding   in power of   with help of (2.1), we obtain      

                 

             

                              

                                           (6.3)

provided that

    ,   where  is defined by (1.2)

           and
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From (4.2) and (6.3), the solution is 

      

                     

                            

                       

                         

                                           (6.4)

under the conditions (2.1) and (6.3)

7. Aleph-function of two variables

If  , the multivariable Aleph-functions reduce to Aleph-functions of two variables defined by Sharma [6] and we
have.
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                                                   (7.1)

under the same conditions that (6.4) with 

8. I-function of two variables

If   and  , the multivariable Aleph-functions reduce to I-functions of two variables
defined by Sharma et al [5]. We obtain 
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                                                   (8.1)

under the same conditions that (6.4) with   and .

9. Class of polynomials of one variable

The class  of  multivariable  polynomials  defined  by Srivastava  [9]  reduces  in  the  class  of  polynomials  defined  by
Srivastava [8], we obtain : 
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                                                   (9.1)

under the same conditions that (6.4) with .

10. Conclusion

The importance of our results lies in its manifold generality.  In view of the generality of the multivariable Aleph-
function and the Srivastava-Daoust function, on specializing the various parameters and variables, from our results, we
can obtain a large number of  special functions of one and several variables. Secondly, on suitably specializing the
parameters of the classes of multivariable polynomials, our results can be reduced to a large number of the solution of
the  problem involving  the  products  of  Jacobi  polynomials,  Hermite  polynomials,  Laguerre  polynomials,  Brafman
polynomials, etc. Thus, the result derived in this document would at once yield a very large number of results, involving
a large variety of various specials functions and polynomials concerning the problem of diffusion of heat in a cylinder.
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