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ABSTRACT 
in this paper we evaluate several properties about the two most general fractional integral operators whose kernels involve the product of class of
polynomial, a general sequence of functions and multivariable Gimel-function. The operator of our study are quite general in nature and may be
considered as extensions of a number of simpler fractional integral operators studied from time to time by several  authors. 
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1. Introduction and preliminaries.

Throughout this paper, let   and   be set of complex numbers, real numbers and positive integers respectively.
Also . We define a generalized transcendental function of several complex variables.

  

 

                    

                                                                                  

=                                                                                           (1.1)

with  
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                                  (1.2)

    

and

                    (1.3)

   
1)  stands for .

2)  and verify : 

.

3) .

4) 

5) 
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The  contour  is in the - plane and run from  to  where  if is a real number with 

loop, if necessary to ensure that the poles of  

,  to

the right of the contour  and the poles of   lie to the left  of the

contour . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.1) can be obtained of the
corresponding conditions for multivariable H-function given by as :

 where 

                           (1.4)

Following  the  lines  of  Braaksma  ([3]  p.  278),  we  may  establish  the  the  asymptotic  expansion  in  the  following
convenient form :

     ,     

    ,      where   : 

                                            

 and 

Remark 1.
If   and 

, then the multivariable Gimel-function reduces in the multivariable Aleph- function defined by
Ayant [2].

Remark 2. 
If  and 

,  then the multivariable Gimel-function reduces in a multivariable I-function  defined by Prathima et al.
[8]. 

Remark 3.
If and

, then the generalized multivariable Gimel-function reduces in  multivariable I-function  defined by
Prasad [7]. 

Remark 4.
If the three above conditions are satisfied at the same time, then the generalized multivariable Gimel-function reduces in
the  multivariable H-function  defined by Srivastava and Panda [12,13].

In your investigation, we shall use the following notations.          

317



 

                                                               (1.5)

                                                        (1.6)

 

                                                                                     (1.7)

 

                                                                          (1.8)

                                                                                                                  (1.9)

 

                                                         

                                                                                   (1.10)

                                                      (1.11)

           (1.12)

 Srivastava ([10],p. 1, Eq. 1) has defined the general class of polynomials

                                                                                                                           (1.13)

On suitably specializing the coefficients ,  yields a number of known polynomials, these include the Jacobi
polynomials, Laguerre polynomials and others polynomials ([14],p. 158-161).

Agarwal and Chaubey [1], Raizada [9] and several others have studied a general sequence of functions. In the present
document we shall study the following useful series formula for a general sequence of functions.

                                                        (1.14)

where                                                                                                  (1.15)

and the infinite series on the right side (2.1)  is absolutely convergent,                    

  and         
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                                                                           (1.14)

where  is a sequence of constants.

By suitably  specializing  the  parameters  involving in  (2.1),  a  general  sequence  of  function  reduced  to  generalized
polynomials set studied by Raizada [9], a class of polynomials introduced by Fujiwara [5] and several others authors.

It may be pointed out that    unifies and extends a large number of named classical polynomials and other
polynomials studied by several research workers.

The importance of the series of our study lies in the fact that on suitably specializing the parameters involved in (1.14).
We arrive at a generalized polynomial set introduced by Raizada ([9], p. 71), a class of polynomials studied by Fujiwara
[5], Jacobi polynomials  and several others.

2. Fractional operators study.

Throughout this paper  will denote the class of function  for which
, else 

We define two following unified integral operators

 

                           (2.1)

provided

, 

  ; 

  and  where  is defined by (1.4) 

 

                           (2.2)

provided

, 

  ; 
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 or  and 

  and  where  is defined by (1.4) 

2.Mellin transform, Mellin convolutions and inversion formulae.

The mellin transform of a function  is defined as usual by the following equation

                                                                                                                                        (3.1)

provided that the above integral is absolutely convergent. Now, we shall give the following  results.

Theorem 1.

                                                                                                                          (3.2)

where

    

(3.3)

  

provided

, 

  ; 

 where  is defined by (1.4) and the Mellin transform of a function 

 exists.

Theorem 2.

                                                                                                                   (3.4)

where  stands for the function defined by (3.3) , provided that 

, 
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  ; 

 where   is defined by (1.4) and the Mellin transform of a function

 exists.

Proof of theorem 1.

To prove the theorem 1, first we write the Mellin transform of the fractional operator  defined by (2.1) with the help
of (3.1) , we have

 

                      (3.5)

Next,  changing the order   and  -integrals (which is permissible under the given conditions).  Now,  replacing the
general sequence of functions, the general class of polynomials in series with the help of (1.14) and (1.13) respectively
and expressing the multivariable Gimel-function by this multiple integrals contour with the help of (1.1), interchanging
the order of summations and integrations, which is justified under the conditions mentioned above, we have (say I)

 

     

                              (3.6)

To evaluate the integral involved in (2.6), we change the variable occurring in it sligtly and reinterpret the result thus
obtained in terms of the multivariable Gimel-function. After algebraic manipulations, we obtain the desired result.

We use the similar method to prove the theorem 2.

4. Mellin Convolution.
 
The Mellin convolution  of the functions  and  is defined by 

                                                                                                                               (4.1)

provided that the above integral exists.

We have the following formulae.

Theorem 3.

                                                                                                                                               (4.2)

where
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                                     (4.3)

provided  that the above integral exists and  stands for the Heaviside unit step function.

Theorem 4.

                                                                                                                                              (4.4)

where

                                                           (4.5)

provided  that the above integral exists and  stands for the Heaviside unit step function.

Proof of theorem 3.
To prove the theorem 3, first we write the fractional operator   defined by (2.1) in the following form with the help
of the definition of Heaviside unit  function, we obtain

 

                                                                                                                                                          (4.6)

Now making use of the equation (4.3) and the definition of the Mellin convolution in the above equation, we obtain the 
desired result.

We use the similar method to prove the theorem 4.

5. Parseval- Goldstein theorem.

Theorem 5.

If                                                                                                                                                      (5.1)

and 

                                                                                                                                                        (5.2)

then

                                                                                                                    (5.3)

provided that the integrals defined by (5.1), (5.2) and (5.3) are absolutely convergent.

Proof
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To prove the above theorem, we substitute the value  from (5.1) in the left hand side of (5.3) and obtain the 
following result on using the definition of he fractional operator   defined by (2.1) , we obtain (say I)

 

                    (5.4)

Now we interchange the order of  and -integral in the above equation, the right hand side of the equation (5.4) takes
the following form

 

                    (5.5)

Now interpreting the above equation with the help of (2.2), we get the desired result.

Theorem 6.

If 
 

  then

 

                                                                                                                                                                            (5.6)

where

                                                (5.7)

                                                                                                             (5.8)

 

                                                               (5.9)

                                                         

                                                           (5.10)
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                                                                                                       (5.11)

                                                                                       (5.12)

The others quantities are defined in the section 1.

provided that  and the integrals defined in (5.6) exixt.

Theorem 6.

If 
 

  then

 

                                                                                                                                                                          (5.13)

The notations are the sames that the above theorem.

provided that  and the integrals defined in (5.13) exixt.

Proof of theorem 5
To prove the theorem5, first we write the left hand side of (5.6) in the integral form by the definition of Gimel-tranform.
We substitute the value of   from (5.6) and change the variable occurring in it slightly. Now,  replacing the
general sequence of functions, the general class of polynomials in series with the help of (1.14) and (1.13) respectively
and expressing the multivariable Gimel-function and the H-function ( say Srivastava et al. [11], p.42, Eq.(4.2.1)) in
integrals contour with the help of (1.1). Now, interchanging the order of summations and integrations, which is justified
under the conditions mentioned above and  interchange the order of  and -integral in the above expression, we obtain
(say J ) the following expression after agebraic manipulations

 

     

                                                                                                                                                                 (5.14)

To evaluate  the  -integral  involved in  the  right  hand side  of  (5.14),  we use  the  result  ([4],  p.  201,  Eq.  (6))  and
reinterpreting the multiple Mellin-Barnes integrals contour in terms of, multivariable Gimel-function of  , we
obtain the desired result after algebraic simplifications.
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To prove the theorem 6, we use the same method, but we use the result ([4], p. 185, Eq. (7)).

Remarks :
We obtain easily the same theores with the functions defined in the section 1.
Jain and Sharma.  [6] have obtained the same relations with the multivariable H-function.

6. Conclusion.

The importance of our results lies in their manifold generality. Firstly, in view of the generalized fractional integral
operators with general class of polynomials, sequences of functions and multivaariable Gimel-function utilized in this
study,  we can get a large number theorems involving simpler fractional integral operators. Secondly by specialising the
various parameters as well as variables in the generalized multivariable Gimel-function, we get a several  formulae
involving remarkably wide variety of useful functions ( or product of such functions) which are expressible in terms of
E, F, G, H, I, Aleph-function of one and several variables and simpler special functions of one and several variables.
Hence the formulae derived in this paper are most general in character and may prove to be useful in several intersting
cases appearing in literature of Pure and Applied Mathematics and Mathematical Physics.

REFERENCES.

[1]. Agrawal B.D. and Chaubey J.P., Operational derivation of generating relations for generalized polynomials, Indian
J. Pure Appl. Math. 11 (1980), 1155-1157

[2]  F.  Ayant,  An  integral  associated  with  the  Aleph-functions  of  several  variables.  International  Journal  of
Mathematics Trends and Technology (IJMTT), 31(3) (2016), 142-154.

[3] B.L.J. Braaksma, Asymptotics expansions and analytic continuations for a class of Barnes-integrals, Compositio
Math. 15 (1962-1964), 239-341.

[4] A. Erdelyi, W. Magnus, F. Oberrhettinge and F.G. Tricomi, Higher transcentental function, Vol II , McGraw-Hill,
New York 1953.

[5] I. Fujivara, A unified presentation of classical orthogonal polynomials, Math. Japon , 11(1966), 133-148. 

[6]  R. Jain and A. Sharma, A study of unified fractional integral operators, Ganita Sandesh 20(1) (2006), 84-95.

[7] Y.N. Prasad, Multivariable I-function , Vijnana Parisha Anusandhan Patrika 29 (1986), 231-237. 

[8] J. Prathima, V. Nambisan and S.K. Kurumujji, A Study of I-function of Several Complex Variables, International
Journal of Engineering Mathematics Vol (2014), 1-12.

[9] S.K. Raizada, A study of unified representation of special functions of Mathematics Physics and their use in S.K. Raizada, A study of unified representation of special functions of Mathematics Physics and their use in
statistical and boundary value problem. Ph.D. Thesis, Bundelkhand University, Jhansi, India, 1991.

[10] H.M. Srivastava, A contour integral involving Fox’s H-function, Indian. J. Math. 14(1972), 1-6.

[11] H.M. Srivastava, KC. Gupta and S.P. Goyal, The H-function of one and two variables with applications, South
Asian Publisher, New Delhi and Madras, 1982.

[12] H.M.  Srivastava and R. Panda, Some expansion theorems and generating relations for the H-function of several
complex variables. Comment. Math. Univ. St. Paul. 24 (1975),119-137.

[13] H.M. Srivastava and R. Panda, Some expansion theorems and generating relations for the H-function of several
complex variables II. Comment. Math. Univ. St. Paul. 25 (1976), 167-197.

[14] H.M. Srivastava and N.P. Singh, The integration of certains products of the multivariable H-function with a general
class of polynomials, Rend. Circ. Mat. Palermo. 32(2)(1983), 157-187.

325


	[6] R. Jain and A. Sharma, A study of unified fractional integral operators, Ganita Sandesh 20(1) (2006), 84-95.

