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ABSTRACT
In thi paper we obtained generalized fractional integrals concerning the product of the multivariable I-functions, general class of polynomials of one
and several variables and generalized Riemann Zeta function in the form of six theorems. At the end, we shall three corollaries.

KEYWORDS : I-function of several variables, fractional integral operators, general class of polynomials, generalized Riemann Zeta function.

2010 Mathematics Subject Classification. 33C99, 33C60, 44A20

1.Introduction and preliminaries.
 
A. K. Sharma and S.C. Sharma [5], Kant and Koul [2] have studied several theorems concerning generalized fractional
integrals involving the product of two multivariable H-functions and general classes of polynomials of one and several
variables. The aim of this paper is to establish six theorems concerning simple and multiple integrals operators of the
product of two multivariable I-functions, classes of polynomials of one and several variables and generalized Riemann
Zeta function.

The Riemann Zeta-function given to by Goyal and Laddha [1] is defined : 

                                                                                                                             (1.1)

where   (these conditions will be respected in the paper).          

If , in (1.1) then it reduces to generalized Riemann zeta function.

                                                                                                                                      (1.2)

where                  

The generalized polynomials of multivariables defined by Srivastava [7,  p.185, Eq.(7)]],  is  given in the following
manner :

     (1.3)

where  are arbitrary positive integers and the coefficients   are arbitrary constants, 
real or complex. 

We shall note

                                                                                         (1.4)

The general class of polynomials  studied early by Srivastava [6, p.1, Eq.(1)] is defined by

                                                                                                                              (1.5)

Another class of polynomials of r variables studied here is defined and represented by Srivastava and Garg ([9], p. 686,
Eq. (1.4)) :
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                                                             (1.6)

where   and   are arbitrary constants, real or complex. By

suitably  specialising  the  coefficients  ,  the  polynomials   reduce  to  certain  known
polynomials, see ([10], p.459, 455, 382).

The multivariable I-function defined by Prasad [3] generalizes the multivariable H-function studied by Srivastava and
Panda [8,11,12]. This function of r-variables is defined in term of multiple Mellin-Barnes type integral :         

 =    

                                                                                                                        

                                                                     

                                                                                         (1.7)

where

                                                   (1.8)

and

 

               

                                                                       (1.9)

The defined integral of the above function, the existence and convergence conditions, see Y,N Prasad [3]. Throughout
the present document, we assume that the existence and convergence conditions of the multivariable I-function.  The
condition for absolute convergence of multiple Mellin-Barnes type contour (1.7) can be obtained by extension of the
corresponding conditions for multivariable H-function given by as :
 

  ,   where 
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                                                           (1.10)

where 

The complex numbers  are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable I-function.We may establish the the asymptotic expansion in the following convenient
form :

      ,     

       ,      

where  :  and 

                                                

We shall note this function . 

We Consider the second multivariable I-function 

 =    

                                                                                                                        

                                                                  

                                                                                         (1.11)

where

                                             (1.12)

and

 

               

                                                                    (1.13)

The defined integral of the above function, the existence and convergence conditions, see Y,N Prasad [3]. Throughout

205



the present document, we assume that the existence and convergence conditions of the multivariable I-function.  The
condition for absolute convergence of multiple Mellin-Barnes type contour (1.11) can be obtained by extension of the
corresponding conditions for multivariable H-function given by as :
 

  ,   where 

 

                                           (1.14)

The complex numbers  are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable I-function.

We may establish the the asymptotic expansion in the following convenient form :

      ,     

       ,      

where   :  and 

                                            

    

We shall note this function .

2. Generalized multiple fractional integrals operators

The fractional integral operators defined and represented in the following manner by Sharma [4] are studied in this
paper ([4], p. 149-152, Eq. 5.2(1)-5.3(6)) :

Generalized single fractional integral operators

                           (2.1)

and

         (2.2)

where  is given by (1.7) and

                                                                                                                                              (2.3)

                                                                                                                                           (2.4)

The fractional integral operators  and  exit under the following set of conditions : 

206



; 

 ;  

Generalized multiple fractional integral operators :

 

                         (2.5)

and

 

                        (2.6)

where, for 

                                                                                                                                        (2.7)

                                                                                                                                        (2.8)

The fractional integrals operators  and  exit under the following set of conditions : 

 ; 
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3. Main Results

In  this  section,  we  calculate  six  images  involving  the  product  of  multivariable  I-function  defined  by Prasad  [3],
generalized Riemann Zeta function and classes of polynomials (one and several variables). We establish six theorems in
this section.

Theorem 1
        
If  be given by (2.1), we have 

     

                                                                                                          (3.1)

where

                                                                                 (3.2)

                                                                                                (3.3)

                                                                                       (3.4)

                                                                                               (3.5)

                                                          

                                                                    (3.6)

                     (3.7)
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                                                     (3.8)

                                                                      (3.9)

                                            (3.10)

                                                       (3.11)

Provided that           

  and

 

  , where  is defined by (1.10)

 ,  where    is  defined  by  (1.14)  and  the  multiple  series  in  the  left-hand  side  of  (3.1)

converge absolutely.

Theorem 2

If  be given by (2.2), we have 

     

                                                                                                      (3.12)
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where

                      (3.13)

                                              (3.14)

The others quantities are defined in theorem 1.

Provided that

  and

 

  , where  is defined by (1.10)

 ,  where    is  defined  by  (1.14)  and  the  multiple  series  in  the  left-hand  side  of  (3.12)

converge absolutely.

Theorem 3

If  be given by (2.5), we obtain 

     

                                                                                                       (3.15)

where

                                                                     (3.16) 

                                                                              (3.17)
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                                                                    (3.18)

                 (3.19)

                                                      (3.20)

The others quantities are the same that (3.1).

Provided that

  

and   for 

  , where  is defined by (1.10)

 ,  where    is  defined  by  (1.14)  and  the  multiple  series  in  the  left-hand  side  of  (3.15)

converge absolutely.

Theorem 4

If  be given by (2.6), we obtain 
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                                                                                                    (3.21)

where

                                                                           (3.22)

                                                                      

                                                             (3.23)

The other quantities are the same that (3.15).

Provided that

 

and   for  

  , where  is defined by (1.10)

 ,  where    is  defined  by  (1.14)  and  the  multiple  series  in  the  left-hand  side  of  (3.21)
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converge absolutely.

Theorem 5

If  be given by (2.5), we obtain 

     

                                                                (3.24)

with the same notations and conditions that theorem 3 and 

Theorem 6

If  be given by (2.6), we obtain 

              

                                                            (3.25)

under the same notations and conditions that theorem 4 with  and

 

Proof 

To establish the theorem 1, we first use the definition of the operator   from (2.1), then express general classes of
polynomials of one and several variables and the generalized Riemann Zeta function   in series with the
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help of (1.5), (1.3) and (1.1) respectively and the multivariable I-function involved therein in terms of Mellin-Barnes
type integral contour, integrate term by term and then evaluate the resulting Beta integral to get the desired result. The
theorems 2 to 6 are similarly proved.

4. Corollaries

In this section, we consider the theorem 1, 3 and 6. Concerning the two first corollaries, the classes of polynomials of
one and several variables vanish, we obtain.

Corollary 1
          
If  be given by (2.1), we have 

     

                                                                                                          (4.1)

where

                                                        (4.2)

and

                                                                                (4.3)

The other quantities and conditions are the same that theorem 1.

Corollary 2

If  be given by (2.5), we obtain 

  

                                                                                                         (4.4)

where
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                                                                                                 (4.5)

and

                                                                                  (4.6)

The other notations and conditions are the same that theorem 3.

Now, we consider the theorem 6 with , the polynomials  vanishes, 

and    where , it yields

Corollary 3                                                                

If  be given by (2.6), we obtain 

    

                                                                                                      (4.7)
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where

                                                                                          (4.8)

                                                                      

                                                                           (4.9)

under the same notations and conditions that theorem 4 with 

 

5. Conclusion

In  this  paper,  we  have  obtained  six  theorems involving  the  generalized  fractional  integrals  operators  (simple  and
multiple). The images have been developed in terms of the product of the two multivariable I-functions and  general
classes of polynomials and generalized Riemann Zeta function in a compact and elegant form with the help of fractional
integral operators.  The formulae established in this paper are very general nature. Thus, the results established in this
research work would serve as a key formulae from which, upon specializing the parameters, as many as desired results
involving the special functions of one and several variables, simple and multiple integrals operators can be obtained. 

References

[1] S. Goyal and R. K. Ladha, On the generalized Riemann Zeta function and the generalized Lambert transform,Ganita
Sandesh 11, (1997), 99- 108. 

[2] S. Kant and C.L. Koul, On fractional integral operators, Journal of the Indian Math. Soc, 56 (1991), 97-107.

[3] Y.N. Prasad, Multivariable I-function , Vijnana Parishad Anusandhan Patrika 29 (1986) , 231-237. 

[4] S.C. Sharma, Integral transforms and their application, Ph.D. Thesis, University of Rajasthan (1987), 149-152.

[5] A.K. Sharma and S.C. Sharma, On fractional integral operator, Ganita Sandesh, 15(2) (2001), 67-76.

216



[6] H.M. Srivastava, A contour integral involving Fox's H-function. Indian. J. Math, (14) (1972), 1-6.

[7] H.M. Srivastava, A multilinear generating function for the Konhauser set of biorthogonal polynomials suggested by
Laguerre polynomial, Pacific. J. Math. 177(1985), 183-191.

[8] H.M. Srivastava, K.C. Gupta and S.P. Goyal, The H-function of one and two variables with applications, South
Asian Publisher, New Delhi, 1982.

[9] H.M. Srivastava and M. Garg, Some integrals involving a general class of polynomials and the multivariable H-
function, Rev. Roumaine Phys. 32 (1987), 685-692.

[10] H.M. Srivastava and H.L. Manocha, A treatise on generating functions, Ellis Horwood Limited, Chichester. John
Wiley and Sons, New York, 1984.

[11] H.M.Srivastava and R. Panda, Some expansion theorems and generating relations for the H-function of several
complex variables. Comment. Math. Univ. St. Paul. 24 (1975),119-137.

[12] H.M.Srivastava and R.Panda, Some expansion theorems and generating relations for the H-function of several
complex variables II. Comment. Math. Univ. St. Paul. 25 (1976), 167-197.

217


