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ABSTRACT
The aim of  this paper is  to derive  some integrals pertaining to a product of multivariable A-function given by Gautam and Asgar,  generalized
multivariable polynomials defined by Srivastava, multivariable Aleph-function and  -function introduced by Inayat-Hussain. The integrals thus
obtained is believed to be one of the most general integral established so far. The findings of this paper are sufficiently general nature and are capable
of yielding numerous (known and new) results involving classical orthogonal polynomials scattered in the literature.
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1.Introduction

Recently, Gupta and Jangid [6] have studied some integrals involving generalized multivariable polynomials and the
generalized  H-function.  The  aim  of  this  paper  is  to  establish  some  integrals  pertaining  the  series  expansion  of
multivariable Aleph-function, generalized multivariable polynomials, the multivariable A-function and the -function.

The  -function occurring in the present paper was introduced by Inayat Hussain [7] and studied by Buschman and
Srivastava [1] and others. The following series representation for the H-function can easily be obtained from a result
given by Rathie [9].

                 =                                          (1.1)

for all  different to  and 

                           =                                                         (1.2)

The serie representation of -function is

                                                                                                                         (1.3)

where

                                                                                                                                                                (1.4)

The sufficient conditions for the absolute convergence of the defining integral for -function given by (1.1) have been
given by Gupta, Jain and Agrawal [5]. The behavior of the  function for small values of z is given by Saxena
et  al.  [10,  p.112,  eq.(2.3)].  It  is  assumed that  -function occurring at  various places  in  the  present  paper  satisfy
the conditions of existence corresponding appropriately to those mentioned by Gupta, Jain and Agrawal [5]. 

The generalized polynomials of multivariables defined by Srivastava [13], is given in the following manner :
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     (1.5)

where  are arbitrary positive integers and the coefficients   are arbitrary constants,
real or complex. We shall note.

We shall note                                                                   (1.6)

The Aleph-function of several variables is an extension the multivariable I-function defined by Sharma and Ahmad
[11] , itself is a generalisation of G and H-functions of several variables defined by Srivastava et Panda [14,15]. The
multiple Mellin-Barnes integral occurring in this paper will be referred to as the multivariables Aleph-function of 
variables throughout our present study and will be defined and represented as follows.

We have :      

                                 

          (1.7)

with  

                                     (1.8)

       
and

                                          (1.9)

The condition for absolute convergence of multiple Mellin-Barnes type contour  can be obtained by extension of the
corresponding conditions for multivariable H-function given by as :
 

    ,   where

                ,  

with  ,   ,                                                                                  (1.10)

The complex numbers  are not zero.Throughout this document , we assume the existence and absolute convergence
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conditions of the multivariable Aleph-function. 

If  all the poles of (1.4) are simples ,then the integral (1.6) can be evaluated with the help of the residue theorem to give
                 

                                                                                           (1.11)

where

                                                      (1.12)

                                               (1.13)

                                                                                                                               (1.14)

and

 for                                                                                                                 (1.15)

which is valid under the following conditions :               

The multivariable A-function defined by Gautam and Asgar [4] is an extension of the multivariable H-function defined
by Srivastava et al [14,15]. The multivariable A-function is defined in term of multiple Mellin-Barnes type integral.

 =    

                                                                                                         (1.16)

                                                                                     (1.17)

where  ,  for   are given by : 

                                            (1.18)
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                                                                           (1.19)

Here  ; 

The multiple integral defining the A-function of r variables converges absolutely if :

                                                                                                                          (1.20)

                                                      (1.21)

                                                                         (1.22)

                                                                                                                                                                                                           (1.23)

For convenience, we shall note.

                                                                                                        (1.24)

                                                                             (1.25)

                                        (1.26)

2. Required integrals

We have the following form of the known result ([8], p.70, Eq.(3.1.2)).

Lemma 1 

                                               (2.1)

Provided  that   and  the  constants   and   are  such  that  none  of  the  expression
 where  is zero.

The following result ([8], p.72, Eq.(3.1.18)) and ([2], p.192, Eq. (46)) given below in a slightly modified form instead of
(2.1)

 

                                                                                        (2.2)
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where  ,   and the constants   and   are such that none of the
expression  where  is zero.          

3. Main integrals

Let  

We shall establish the following general integral formula : 

Theorem 1

 

       

  

                                                                                                         (3.1)

Provided

 ; 

 and the constants  and  are such that none of the expression  where
 is zero.
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 and the multiple series in the left-hand side of (3.1) converges absolutely,  where

 

, ,                                                                                  (3.2)

           (3.3)

Let  

We have the unified following result

Theorem 2

  

  

       

                            (3.4)

Provided

 ; 

 ; 

 and the constants  and  are such that none of the expression  where
 is zero.

92



 and the multiple series in the left-hand side of (3.1) converges absolutely,  where

 

,   ,                                                             (3.5)

  ,

                     

  ,                                                                     (3.6)

Proof of (3.1)

To  evaluate  the  main  integral  (3.1),  first  we  replace  the  class  of  multivariable  polynomials  ,  the

multivariable -function and the function  occurring in the left-hand side of the main integral in term of series
with the help of equations (1.11), (1.5) and (1,3) respectively. Now we express the multivariable A-function  in Mellin-
Barnes   integrals  contour  with  the  help  of  (1.17).  Nest,  we  change  the  order  of  the  -integrals  and
summations ( which is justified under the conditions stated) and we obtain the following result (say L.H.S.) :

L.H.S =     

               

 

    (3.7)

Now we evaluate the  -integral  occurring in  (3.7)  with help of the lemma 1, finally reinterpreting the result  thus
obtained in terms of A-function of -variables. We obtain the right side of (3.1) after algebric manipulations.

The integral (3.4) can be proved by proceeding in the similar manner with the help of the lemma 2.

4. Corollaries

If   [12], the multivariable -function reduces to -function of one variable defined by Sudland
[17,18], and the  multivariable A-function reduces to A-function of one function defined by Gautam and Asgar [3], we
get the following corollaries

Corollary 1                                                 
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          (4.1)

                                                                                    
Provided

 and the constants  and  are such that none of the expression  where
 is zero.

 and the multiple series in the left-hand side of (3.1) converges absolutely,  where

 ,                   (4.2)

                             (4.3)

Corollary 2 
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                                                                  (4.4)

Provided

 ; 

 and the constants  and  are such that none of the expression  where
 is zero.

 and the multiple series in the left-hand side of (3.1) converges absolutely,  where

 ,     (4.5)

; 

                                                                                                                                                                (4.6)

By applying our result given  in (4.1) and (4.4) to the case the Laguerre polynomials ([19], page 101, eq.(15.1.6)) and
([16] ,page 159) and by setting

                                                                

In which case  we have the following two corollaries.

Corollary 3                                               
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          (4.7)

under the same notations and conditions that (4.1).

Corollary 4                                                                              

  

   

                                                                  (4.8)

under the same notations and conditions that (4.4).

6. Conclusion

In this paper we have evaluated two unified Eulerian integrals  involving the product of a expansion of the multivariable
Aleph-function, a multivariable A-function defined  by Gautam and Asgar [4] and a class of multivariable polynomials
defined by Srivastava  [13]. The formulae established in this paper is very general nature. Thus, the results established
in this research work would serve as a key formula from which, upon specializing the parameters, as many as desired
results involving the special functions of one and several variables can be obtained.     
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