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Abstract

In this work, two classes of multivalent functions were defined. The initial coefficient bounds
for the subclasses of multivalent functions involving modified g-sigmoid were investigated. The
work was concluded by establishing the Fekete-Szeg6 functional and Hankel determinant for the
classes of functions defined. The results generalised some earlier ones in literature.
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1 Introduction and Preliminaries

Let A, represent the class of functions of the form:

flz) =224+ appet* (1.1)

k=1

which are analytic and p-valent in U={z€ C: |z|<1},pe N~ {1},z € U.
Note: A; =A

Let m and M be analytic in the unit disk U. A function m is said to be subordinate to M, written
as m < M or m(z) < M(z), if there exists a function w, analytic in U, with w(0) =0, |w(z)| < 1, and
m(z) = M(w(z)) for z € U.

The set P is the set of all functions of the form

n=1
L 4prz4pez® 4+ . 4+ pp2" ... =1+ anz"
that are regular in U and such that for z € U
Re(f(2)) >0
Any function in P is called a function with positive real part in U. See [4]

Lemma 1.1. [3] If w(z) = b1z +bez + ..., by # 0 is analytic and satisfy |w(z)| < 1 in the unit disk U,
then for each 0 <1 < 1, |w (2)| < 1 and |w(re??)| < 1 unless w(z) = €'z for some real number o.
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Lemma 1.2. [3] Letw € Q ={w € A: |w(2)| < |2|, (z € U)}.
IfweQ, wz)=>,2,cz" (2 € V), then

ler| <1, kEeEN, e <1—|erf?
and
|ea — pei| < max{1, |p|} (u € C).
The result is sharp. The functions

z+a
1+ az

w(z) =2, wa(z) =2 (z€U,lal <1)

are extremal functions.

Special function theory was developed by several researchers in the nineteen century. However in
the twentieth century, other fields have employed the theory of special functions.
Sigmoid function which is defined as

1

h(z) = 14+e*

(1.2)

is an example of activation function which is a special function. Many researchers have established re-
sults connecting sigmoid function and geometric function theory. For details see [1],[3],[5],[6],[7],[8],[9],[10]
and [11]

Lemma 1.3. [2] Let h(z) be a sigmoid function and

X 1\ym X 1\k m
G(z):2h(z)=1+z<2}3 [Z([kl]? zk]

m=1 k=1

then G(z) € P, where G(z) is a modified sigmoid function.

k
Definition 1.4. [1] A g-analogue of the ordinary exponential function e* = "7 % is defined by

Definition 1.5. [1] A g-Sigmoid function is defined by

1

Gq(2) = 1te?
q

(1.3)

Definition 1.6. [1] A modified g-sigmoid is defined by

© . vm [ ©  q\k m
Yamh(2) = 7 +2qu =1+ (Z ( 2}3 [Z ([k]lq)! zk] > (1.4)

m=1 k=1

Definition 1.7. For b € C. Let the class M x(b,7q,m,k(2)) denote the subclass of A, satisfying

SN )
Azf'(2) + (1= N f(2)
for 0 < XA <1 and 74m,k(2) is as defined in (1.5).
Definition 1.8. For b € C. Let the class Gp (b, v¢,m,k(2)) denote the subclass of A, satisfying

2f () (2 (2)
e T p] < PYgm i (2)

41
Py

] = p'}/q,m,k(z)

p+

1
b
for 0 < A <1 and 7g,m,k(2) is as defined in (1.5).

In this work, the coefficient estimates for a class subordinated to modified g-sigmoid is established.
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2 Initial Coefficients

The first few coefficient estimates for the classes of My x(b,vgmk(2)) and Gp (b, vgm.k(2)) were
obtained as follows.

Theorem 2.1. If f(2) of the form (1.1) belongs to Mp A(b,vq,m.k(2)) then
[blp(1 + Alp — 1))

a1l < =S pn

[blp(pA+1—X) 1 bp
a2l < ST AT T ) ‘2[114 AT T

[blp((pA+1=X))| 1 bp Abp bp 1 bp
"’2“’ = B0 D) ‘2mq! AT B e o, o, (2[11q' AT <2mq'>2)‘

_ [2]q! — 2([1]q!)2
A= ( 2,020, )
(AR — ARl + [20,103],!
b= ( S(1,)° 213! )
Proof:

Suppose f(z) € My (b, Y¥g,m,k(2)), then by definition and simple calculation, we have

_At1-Nper i

[(1+ PA)a1+p2 TP+ (24 2\ + 2pN)a24p22 TP 4 (3 46X 4 3pA)agpz® TP + ] 3[i,!
q!

S| =

(PA +1—N)pca 2, pea(l+pAaiyp 2, [(PA+1—=XN)pes
M T T L A(pA+1 — A A TRV TP L pt p AN b
oy, AP T T T gy
14 pX 14X+ pA
pea(1 4+ pNaiyp JrIL‘]DC%(lJr][))\)al+p+1’01( pA)az+p
21! 2[1]4!

+ 2A(pA+ 1 — Npcica+

B(pA+ 1 — N)pc +

}z?” +. (21)

Comparing coefficients of 2P zPT2 and 2773 in (1.1),we obtain ai4p, a24p as4p

(PA+ 1 — Nbpey

T T pa2[1,! (22)
Cp(pA+1=N) [ e bpc?
wen = (o) (3 A4 ) 23

A bp(pA+1—=XN)[ c3
T3+ 6A+3pA) | 2[1],

bpcico A bpcs
(2012 21!
bper (1 + A+ pA) Co

(242X + 2pN)2[1],! (2[1]q

j+ 2Acicy + Bed + +

2 pr%
! + Aci + (2[1](1!)2)] (2.4)

Corollary 2.2. If f(z) € Mi(b,7g,m,x(2)),then
] < |
S PITTSIONY!

ol < Y 1 b
= 20A+1)

1 b b b 1 b
< St s a2 7 e A e (s 4 )|
Theorem 2.3. If f(z) of the form (1.1) belongs to Gp A (b, Yg,m k(%)) then
|a14p| < bl

T 20g (14 pA+ Ap?)
05| < |blp ‘ p
(242X +3X\p + 2p?) | 2[1]

bp?

A([1]gH? (1 + Ap + Ap?)

)

+Ap+
q
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lags| < |blp
SEPL= (31 6A 4 5pA + Ap?)
b 1 b
AN A VTSN, M
2[1],1(2 + 21 + 3Ap + Ap?) \ 2[1],! 4([1]N2(1 + Ap + \p?)

bp bp
+2A+ B+ + A
DTN A O (YN TSR W ) B (TR Ry wp v g

where
_ w
A‘( 21,0202 )
(ARl — A1) 3!+ [21,103],!
b= ( 8([1,)°[2),13],] )
Proof:

Suppose f(z) € Gp (b, Vg.m,k(2)), then by definition and simple calculation, we have

1
3 ((p/\(p —1))2P + (L +Ap+Ap?)a14p2 TP 4 (24 22+ 3pA + M) az1p22 P + (346X +5pA + Ap?)agyp23TP + ) =

ﬂzlﬂq_( pea +Apc§+pcla1+p)z2+l’+( bes +2Apclcg+chl+(

2[1]4! 2[1]g! 2[1]q! 2(1]4! 2[1]4!
(2.5)
Comparing coefficients of 2P, zPT!, 2PT2 and 2P*3 in (2.5),we obtain a14p, a21p, a34p,
Ap—1
bpcy
= 2.
a1+p 2[1]q!(1+)\p+/\p2) ( 7)
b PCo 9 bp*c?
= _A 2.
2 s st ) @Y

b bp261 C2 AprC‘f

a34p = [ Z[)] +2Apcico+Bpci+

+ +
(346X +5pA + Ap?) | 2 [N (L+ Ap+ Ap?)  2[1]g! (1 + Ap + Ap?)

bp?

2 bpcy
S[1T,1(2 + 2A 1 3pA + Ap?) (2[1]q! +Ad + N2+ A+ /\pz))] (2.9)

Corollary 2.4. If f(z) € G1(b,7g,m k(2)), then

b
laz] < ’2[1]q!<1 +2A>’
| | & L + A + ;
“1= 12560 |21, Q[1]N2(1 +2))
o] 1 b Ab b 1 b
o4l = Grany | 2mg P P e T o A T 2 a2 1 o) (2[11q!+A+ <2mq!>2<1+zx>)‘

3 The Fekete-Szego Functional

Theorem 3.1. If f(2) of the form (1.1) belongs to My x(b, Ygm.k(2)) and 1 € R then

1 1 bp pb
—na’. 4| < 1— A _
(a2 = pap ] < [Dlp(pA + ”‘ @1 on T N <2mq! AT 4<mq!>2> STESSVECTRIE
Proof: From (2.2) and (2.3), we have,
bp(pA+1—)) 2 4 bpci (pA +1 = 2)**p°c]
A _
G2 = 1 = (5o o) [ } AT QUL T e
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1 bpc? pbei
k. —b A+1/\[ < + Act | ) 1
apyo — pa2,y = bp(p ) 2r o+ 3 -+ A02) M ez, e
Hence, we have

1 bp pb

9 1
[p 2= nay | < b"’(p”l_M‘ 2127+ 2p\) (2[1]q1 At 4([1]q!)2> i pvenng| GV

which completes the proof.
Corollary 3.2. If f(z) € My x(b,vg,m,k(2)), then

1 b b
o= ) < o ey (i + 4+ ) e

Theorem 3.3. If f(z) of the form (1.1) belongs to Gp A(b, Yg,m.k(2)) and pn € R then

1 bpc? bpci
2 +Act + 2 o) T H 2 2\2
(2+2X + 3pA + Ap?) 2[1]q (2[1]g1)2(1 + Ap + Ap?) (2[1]gH2 (1 + Ap + Ap?)

2
lapt2 — papyqi| < [blp

Proof: From (2.7) and (2.8), we have,

Apyo— 1G> bp ( T+ Ac 1+ bpcy )_ brd
P T o 3+ ) \ 21 (2[1]q!)2(1+/\p2+ Ap?) u(2[1]q!)2(1+>\P-2Mp2)2
1 bpc bpc
—pa?,, =b A - - ;
o2 hp p{(2+2)\+3p/\+/\102) 2[1](,!+ R T P ) IR e s )

Hence, we have

1 bpe} bpei
+ Aci + —
G o e \ay @D A+ 3w+ 22 ) L2+ Ap + 3p?)?
(3.2

lapt2 — Hfa;z;+1| < |blp

which completes the proof.

Corollary 3.4. If f(2) € G1(b,Yqm,k(2)), then

2 2

ovsa | < |ty (o + 44+ rppteran) ~“@pra o] 09
4 Hankel Determinant
Theorem 4.1. If f(2) of the form (1.1) belongs to My z(b,Yg.mx(2)) and p € R then
|ap+1ap43 — pag o] < [U?[p*(1+ph — N)? 3+ 67 +3p/\§(1 pn2[1],! (2[11]q! 24+ B (Q[f]i!)2 -

2,.2

ST SO Al ) ~ et e i a4
At v ’

2([)gh)?  16([1],h*

(PA + 1 = Nbpcy [bp(p)\ +1-2X) ( cs

T+ pV20,! |3+ 63 +3p0) \ 21!

bpcyca bpc3  bpey ca bpc? bp(pA+1—X) [ ¢
2A Bé A Ac? -
et EAT G, e, A e T e ) )| T ez \ 2,

act+ s )| 2

Proof: From (2.2),(2.3) and (2.4)), we have, a1 pas;p—pa3,, =

bpcico

) a2,y = P2 (14 pA—\)2 = % 194 B&

Ap+1Qp+3 :uap-‘rQ p ( +p>\ ) |:(3+6A+3p)\)(1+p)\)2[1]q' 2[1]q|+ cice+ Cl+<2[1}q[)2

4 bpc bpcy co bpcs N b2 picd ) B w ( 3 Acicy  bpcicy A2
201t 8([1gh)? Ayt 16([AH2 ) (2423 +2pA)2 \ 41 [t 4([1])? '
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bpci b2 pief
Aot 16([11(1!)4)}

1
B+ 61+ 30 (1 + pr2[Ly!
bp b2p? m 1 A bp 5 bp b2p?
At 16([11q!>2> RN (4[1]q!2 T T T T et 16([11q!>4)‘ (1)

bp bp bp
@an2 T, TR

1
|ap+1ap+3—pag o] < [b%[p” (14+pA—A)? (2[1} [ +2A+B+
4!

Corollary 4.2. If f(z) € M1 x(b,Yg.m,k(2)), then

|azas — pa3| < |07

1 1 b b b b
BRIV (ESYEIN <2mq! A B Gy e A s

2o\ 1 A b , b b2
+16(qu)z) <2+4A>2<4mql2+[1]'U(mq!ﬁ”‘ +“‘2([%!)?*16([11ql>4)‘ (42)

q*

Theorem 4.3. If f(z) € A, of the form (1.1) is belongs to Gy x(b,Yq.m,k(2)) and p € R then

) < h2|p2 ! C3 24 B3 bpcica

[p1apra =yl < 0710 S B 6a g s+ ) \ 2, At Bt G e )
Abpcs N bpca N Abpc? N b2 pied ) |
211X+ Ap+ Ap?)  (2[1]H2(2 + 22+ 3pA + Ap?)  2[1],1(2 4+ 2A + 3pA + Ap?)  (2[1]D3(1 + Ap + Ap?)(2 + 2X + 3pA + Ap?)
1 3 Ac?cy bpcies 9 4 Abpci
2\2 5t 3 5 TAT+ 2 o T

Cr o3\ D7 I A A+ ) 21020+ Ao + 2%

1)2102(:‘11

2[gH* A+ Ap + Ap?)?

Proof:
From (2.7),(2.8) and (2.9), we have,

2 bpcy
U2 Gp 3T 12 = 50T 10+ Ap + Ap2)

bp2cico n
(2[1gH2(1 + Ap + Ap?)

b pcs
2A Bpcs
((3+6A+5pA+ApQ>(2[1](1!+ pacTEpar

Abp*c} N bp? < 2L a2y bpci >>> < b < pez
. _
201/ (1+ Ap+Ap?) * 2[1],!(2+ 22X +3pA+ 2p?) \ 201,01 (2[1])2(1 + Ap + Ap?) LT 201 3on + 0?) \ 201,

Apc? + bt ))2
P22 (14 Ap + Ap?)

a2 o = 22 2! 199 B3 bpcica
s e =0T I+ 2p + 2p)(3 + A+ 5pA £ 0?) (;mﬁ TR P )
Abpc bpeo Abpci b*p?cs )
+ + -
2[1 M1+ Ap +Ap?) - (2[1]g1)2(2 + 2X 4+ 3pA + Ap?)  2[1]N(2 4+ 2X +3pA + Ap?)  (2[1]g)3(1 + Ap + Ap?)(2 4+ 2X + 3pA + \p?)
I 3 . Actey bpcics 4 A2e Abpci
(242X + 3p\ + A\p?)?

IR R (R (S E DY) R T(F VN EI R vy ve=) i

b2p2 4
(2[1H* (1 + Ap + Ap?)? >
Hence,

— pa2 | < [6?p? - <C3 24 Be?
lap+1aps = Hap o S V1P S S A (3 68 1 Bpa £ p?) \2[i)g T 2Actee + Bert

bpci ca n Abpc:f n bpca n Abpc% n
@D+ A+ A7) | 2 A+Ap+Ap%) | 72+ 23+ 3pA+ Ap?) | 212+ 27+ 3pA+ Ap?)
b2p2c? I c% Ac%cz bpc%cz
(2[1}(1!)3(1+/\p+>\p2)(2+2x\+3p/\+/\p2)> (242X + 3pA + Ap2)? ((2[1}q!)2 (q!  4([AgH3(A + Ap+ Ap?)
Abpe + bpie} )‘ (4.3)
(@gH2A +Ap+2p%) (21 *(1 + Ap + Ap?)?

A24
+ Cl+2

Corollary 4.4. If f(z) € GiA(b,7qmk(2)), then
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a2 2 c1 3 3 beico Abc?
lazas = paz| < V)| o o G+ 12y (2[1]q! +2derer + Bt e o 2, 2
beo " Abc% " b2c:1s ) _ I ( c% n Ac?@ bc%cz
(2[1gNH2(2+6X)  2[1g!(2+6X)  (2[1]g1)3 (1 + 2X)(2 + 6)) (24 6X)2 \ (2[1]41)2 [1]q! 4([1]gH3 (1 4 2X)
+ A%+ Abe] + vref ) ‘ (4.4)
DTN +20) 2N + 202 '
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