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ABSTRACT. In this paper we concider the problem of finding the estimation of mazimum number of zeros in

a prescribed region and the results which we obtain generalizes and improves upon some well known results.
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1. INTRODUCTION

Enestrém- Kakeya [1-2] states that if P(z) = Y1 a;2" be a polynomial of degree n such that 0<ag <
a1 < ... < ap—1 < ap, then all the zeros of P(z) lie in |z| < 1. Some results already proved in literature[6,7],
concerning the number of zeros of the polynomial in the region |z| < %, the following result is due to

Mohammad [3].

Theorem A;. Let P(z) = Z?:o a;z" be a polynomial of degree n such that 0<ag < a1 < ... < ap_1 < an
then the number of zeros of P(z) in |z| < 1, does not exceed

an
log—.
ao

1
+ log2

Dewan [4] generalized Theorem A; to the polynomials with complex coefficients and obtained the following

result.
Theorem As. Let P(z) =Y., a;z" be a polynomial of degree n with complex coefficients such that

™ .
jarg(a) ~ Bl <a < D,
for some real B and |ag| < |a1] < ... < |an—1] < |an| then the number of zeros of P(z) in |z| < %

does not exceed

1 log lan|(cosa + sina + 1) + 2sina > |a;) .
log2 |aol

In this paper We want to prove the following results.

Theorem 1. Let P(z) =Y 1, a; 2" be a polynomial of degree n with complex coefficients such that

larg(a;) — B < a < g i=0,1,2,...n

1
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for some real B, ag # 0 and |ag| > |a1]| > ... > |an—1| > |an| then the number of zeros of P(z) in |z| < r,

0<r<1, does not exceed

1 ] lao|(cosa + sina + 1) + 2sinay i, |ag
og

log% |ao]

Corollary 1. Let P(z) = Z?:o a;z* be a polynomial of degree n with complex coefficients such that

larg(a;) — B < a < g i=0,1,2,...n

for some real B, ag # 0 and |ag| > |a1]| > ... > |an—1| > |an| then the number of zeros of P(z) in |z| < %

does not exceed

1 log lag|(cosa + sinac + 1) + 2sina Y-, |ag) '
log2 |aol

Remark 1. By taking r = % in Theorem 1, then it reduces to Corollary 1.

Theorem 2. Let P(z) = Z?:o a;z* be a polynomial of degree n with complex coefficients such that
™ .
|arg(ai) - 5' <a< 53 1= 07172a s
for some real B, ag # 0 and |ag| > |a1] > ... > |am—1| > |am| < |ams1] < oo < an—1] < |an|
then the number of zeros of P(z) in |z| <r, 0<r<1, does not exceed

1 log(lanl + |aol)(cosa + sina + 1) + 2sina 2?2—11 |a;| — 2|am|cosa
log% |ao]

Corollary 2. Let P(z) = Z?:o a;z* be a polynomial of degree n with complex coefficients such that

™

larg(ai) =Bl <a < 5, i=0,1,2,..m

for some real B, ag # 0 and |ag| > |a1] = ... > |am—1| > |am| < |ams1] < oo < lan—1] < |an]

: 1
then the number of zeros of P(z) in |z| < 5, does not exceed

1 log(|an| + |aog|)(cosa + sina + 1) + 2sina 2?2—11 la;| — 2|am|cosa
log2 |aol '

Corollary 3. Let P(z) = Z?:o a;z* be a polynomial of degree n with complex coefficients such that
larg(a;)| < 5, ao # 0 and |ag| > |ai| > ... > |am—1] > |am| < |ami1| < o < an—1| < Jan|
then the number of zeros of P(z) in |z| < 1, does not exceed

]_ _
Lo L pglanltlaol = o]
log; laol

Remark 2. (i) By taking r = % in Theorem 2, then it reduces to Corollary 2.
(ii)By taking a = = 0 in Theorem 2, then it reduces to Corollary 3.

Theorem 3. Let P(z) =Y . a;2" be a polynomial of degree n with complex coefficients.
If Re(a;) = vy, Im(a;) = B; fori=0,1,2,...n andag #0, ap > a1 > ... > Qp1 > Qp
then the number of zeros of P(z) in |z| < r, 0<r<1, does not exceed

1 Z0g|0l0\ + o+ |an| —a, +2377 164
log% |ao
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Corollary 4. Let P(z) = Z?:o a;z* be a polynomial of degree n with complex coefficients.
If Re(a;) = iy, Im(a;) = B; fori=0,1,2,...n and ag > 1 > ... 2 a1 > @, >0
then the number of zeros of P(z) in |z| <r, 0<r<l1, does not exceed

1 * 1B
1+ 1l()g%+z’:0 |6‘
log- lao]

Remark 3. By taking «,,>0 in Theorem 3, then it reduces to Corollary 4.

Theorem 4. Let P(z) = Z?:o a; 2" be a polynomial of degree n with complex coefficients.
If Re(a;) = oy, Im(a;) = B; fori=0,1,2,...n and ag # 0,

%)) Z aq Z Z Om—1 Z Om S Um41 S S Op—1 S 7%

then the number of zeros of P(z) in |z| <r, 0<r<1, does not exceed

1 log|0¢0| + oo — 20, + ‘O‘n| + an + 22?:0 ‘51'
509% |ao

Corollary 5. Let P(z) =Y . a;z" be a polynomial of degree n with complex coefficients.
If Re(a;) = a;>0, Im(a;) = pB; fori=0,1,2,...,n and

(&7s) Z g 2 Z Om—1 Z O S AUm+41 S S Qp—1 S 7%

then the number of zeros of P(z) in |z| < r, 0<r<1, does not exceed

1 a0 — o + 0 + > o |Bil
|ao '

Corollary 6. Let P(z) =Y i, a;z" be a polynomial of degree n with real coefficients.
Qo 7é 0,

(875} Z (051 Z Z Om—1 Z O S Om41 S S Op—1 S Oy

then the number of zeros of P(z) in |z| <r, 0<r<1, does not exceed

1 lao] + ap — 20, + |an| + g
Tlog .
log= lao

Remark 4. (i) By taking a;>0 for i = 0,1,2,...,n in Theorem 4, then it reduces to Corollary 5.
(ii) By taking 8; = 0 for i = 0,1,2,...,n in Theorem 4, then it reduces to Corollary 6.

We need the following lemmas for proof of the theorems.

2. LEMMAS
Lemma 1. Let P(z) = Z?:o a;%z* be a polynomial of degree n with complex coefficients such that

T ,
larg(a;) — B] < a < 5 lai—1] < la;| for some i=0,1,2,...,n

then |a; — a;—1| < (|a;| — |ai—1])cosa + (Ja;| + |a;—1])sinc.

The above lemma is due to Govil [5].

Lemma 2. [4]: If f(z) is regular f(0) # 0 and f(z) < M in |z| < 1 then the number of zeros of f(z) in

1 M
|z| < r, 0<r<1 does not exceed mlogm~
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3. PROOF OF THE THEOREMS

Proof of Theorem 1.
Let P(2) = an2™ 4+ an_12""1 + ... + a1z + ag be a polynomial of degree n
Then consider the polynomial Q(z) = (1 — z)P(z) so that
Q) = —an 2" + (ay, — apn_1)2" + ... + (a1 — ag)z + ag. Then for |z|>1 , we have
Q(2) < lan| + 320, lai — ai—1| + |aol
<lan|+ Y i (|lai—1] — |ai])cosa + >0 (lai—1| + |as|)sina + |ao| (by using lemma 1)
= |ag|(cosa + sina + 1) + 2sinay -, |a;| — |an|(cosa + sina — 1)
< lao|(cosa + sina + 1) + 2sinacy i, |ag

Apply Lemma 2 to Q(z), we get that the number of zeros of Q(z) in |z| < r does not exceed

1 ] lao|(cosa + sina + 1) + 2sinay i, |ag
og )

log% |ao

Since all the number of zeros of P(z) in |z| < r, 0<r<1, is also equal to the number of zeros of Q(z) in
|z| <, we get the required result.

This completes the proof of Theorem 1.

Proof of Theorem 2.
Let P(2) = ap2™ + an_12""1 + ... + a1z + ap be a polynomial of degree n
Then consider the polynomial Q(z) = (1 — z)P(z) so that
Q(2) = —a, 2"t + (ay — an_1)2" + ... + (a1 — ag)z + ag. Then for |z|>1 , we have
Q(2) < laol + 3272 lai — ai—a| + 30744 lai — ai—1| + |an]
< lao| + 32721 (lai1] = las])cosa + 37 (Jai—1| + |ai|)sina +
S s (il — a1 [Jeosa+ S0y (lail + lai1[)sina + an| (by using lemma 1)
= (lan| + |ao|)(cosa + sina + 1) + 2sina Z?;ll |ai| — 2|am|cosa

Apply Lemma 2 to Q(z), we get that the number of zeros of Q(z) in |z| < r does not exceed

1 ] (lan| + |ao|)(cosa + sina + 1) + 2sina Z?:_ll |a;| — 2|am|cosa
0g .

log% |ao]

Since all the number of zeros of P(z) in |z| < r, 0<r<1, is also equal to the number of zeros of Q(z) in
|z| < r, we get the required result.

This completes the proof of Theorem 2.

Proof of Theorem 3.

Let P(2) = ap2™ + an_12""1 + ... + a1z + ap be a polynomial of degree n

Then consider the polynomial Q(z) = (1 — z)P(z) so that

Q(2) = —a, 2"t + (an — an_1)2" + ... + (a1 — ag)z + ag. Then for |z|>1 , we have

Q=) < lan] + X7 la; — aia| + faol

< o] + 1Bl + 220y [(Joi — cia]) + (18i = Bical)] + ol + |Bol

< o |+ 18n] + 200 (i1 — i) + 3521 (183 + [Bi-a]) + leo] + [ Bo]
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< laol + a0 + |om| — an + 2377 il
Apply Lemma 2 to Q(z), we get that the number of zeros of Q(z) in |z| < r does not exceed

1 log|0<0\ +ao+an —a, +237 18|

log+ |aol

Since all the number of zeros of P(z) in |z| < r, 0<r<1, is also equal to the number of zeros of Q(z) in
|z| <r, we get the required result.

This completes the proof of Theorem 3.

Proof of Theorem 4.
Let P(2) = an2™ 4+ an_12""! + ...+ a1z + ag be a polynomial of degree n
Then consider the polynomial Q(z) = (1 — z)P(z) so that
Q) = —a, 2" + (ay, — apn_1)2" + ... + (a1 — ag)z + ap. Then for |z|>1 , we have
Q(2) < lan| + 321y lai — ai-1| + |ao
< an| +18al + 30 [(law = @ica]) + (18 = Bi1D)] + |ao| + [Bo]
< an| +18al + 3230 (01 — ) + 350041 (0 — 1) + 3500 (18il + [Bia]) + lao| + [ Bol
< ao| + a0 = 2am + |an| +an + 2377, |6l
Apply Lemma 2 to Q(z), we get that the number of zeros of Q(z) in |z| < r does not exceed

1 log|a0| + oo — 20, + ‘O‘n| + an + 22?:0 ‘Bz'
109% |ao

Since all the number of zeros of P(z) in |z| < r, 0<r<1, is also equal to the number of zeros of Q(z) in
|z| <r, we get the required result.

This completes the proof of Theorem 4.
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