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Abstract

In this paper, we introduce a new class of sets namely (1,2)*-g**-open 

which is stronger than (1,2)*-semi-open sets and investigate some of their 

properties. The notion of (1,2)*-g**-continuity, (1,2)*-g**-irresolute maps are 

introduced and some of their properties are investigated. Finally we introduce 

the concept of (1,2)*-g**-homeomorphism in bitopological space and study 

some of their properties.
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1. Introduction

The study of generalized closed (g-closed) sets in a topological space 

was initiated by Levine (1963) and the concept of T½-spaces was introduced. 

Dunham (1977, 1982) further investigated the properties of T½-spaces and 

defined a new closure operator cl* using generalized closed sets.  Again Levine 

(1970) introduced the concept of semi-open sets and semi-continuity in a 

topological space. Further, Bhattacharrya and Lahiri introduced a new class of 

semi-generalized open sets by means of semi-open sets introduced by Levine 

(1963).  In continuation of the previous studies, Balachandran et al (1991) 
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introduced the concept  of generalized continuous maps and generalized 

homeomorphism in a topological space.

In this paper, let us introduce a new class of open sets namely (1,2)*-

g**-open sets and investigate some of their properties. Further, we introduce 

the concept of (1,2)*-g**-continuous maps which includes the class of 

continuous maps in a bitopological space. Also we introduce (1,2)*-g**-

irresolute maps analogy to irresolute maps in a topological space and 

investigate some of their properties. Finally we introduce a new class of maps 

namely (1,2)*-g**-homeomorphism in a bitopological space and study some of 

their properties. 

Throughout this paper (X, 1, 2), (Y, 1, 2) and (Z, 1, 2) (or simply X, 

Y and Z) denote bitopological spaces.

2. Preliminaries

We recall the following.

Definition 2.1 [8]. Let S be a subset of X. Then S is said to be 1,2-open if         

S = A  B where A  1 and B  2. 

The complement of 1,2-open set is called 1,2-closed.

Definition 2.2 [8]. Let S be a subset of  X. Then

(i) The 1,2-closure of S, denoted by 1,2-cl(S), is defined as

 {F: S  F and F is 1,2-closed};

(ii) The 1,2-interior of S, denoted by 1,2-int(S), is defined as

 {F / F  S and F is 1,2-open}.

Note 2.3 [8]. Notice that 1,2-open sets need not necessarily form a topology.

Definition 2.4. Let S be a subset of X. Then S is said to be 

(i) (1,2)*-g-closed [10] if and only if 1,2-cl(S)  F whenever S  F and F is 

1,2-open in X; 

(ii) (1,2)*-g-open [10] if and only if X\S is (1,2)*-g-closed;

(iii) (1,2)*-semi-open [1] if and only if there exists an 1,2-open set F such that 

F  S  1,2-cl(F).

Definition 2.5 [9]. A map f: X  Y is called 
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(i) (1,2)*-g-continuous if f-1(V) is (1,2)*-g-open whenever V is 1,2-open         

in Y;

(ii) (1,2)*-gc-irresolute if the inverse image of every (1,2)*-g-closed set in Y 

is (1,2)*-g-closed in X.

Theorem 2.6 [10]. If A is (1,2)*-g-closed set in X and if f: X  Y is (1,2)*-

continuous and (1,2)*-closed, then f(A) is (1,2)*-g-closed.

Theorem 2.7 [10]. If f: X  Y is (1,2)*-continuous and (1,2)*-closed and if 

B is a (1,2)*-g-closed ((or) (1,2)*-g-open) subset of Y, then f-1(B) is (1,2)*-g-

closed ((or) (1,2)*-g-open) in X.

3. Characterizations of (1,2)*-g**-open sets.

Definition 3.1. Let S be a subset of X. Then 

(1,2)*-cl**(S) =  {F / S  F and F is (1,2)*-g-closed}.

Remark 3.2. (1,2)*-cl**(S) is a Kuratowki closure operator on X.

Definition 3.3. Let S be a subset of X. Then S is said to be (1,2)*-g**-open if 

and only if there exists an 1,2-open set U of X such that U  S  (1,2)*-

cl**(U).

Example 3.4. If X = {a, b, c}, 1 = {, X, {a}} and 2 = {, X, {a, b}}, then 

(1,2)*-g**-open sets of (X, 1, 2) are {, X, {a}, {a,b}, {a,c}}.

Remark 3.5. If A and B are subsets of X such that A  B, then (1,2)*-cl**(A) 

 (1,2)*-cl**(B).

Theorem 3.6. Let S be a subset of X. Then S is (1,2)*-g**-open in X if and 

only if S  (1,2)*-cl** (1,2-int(S)).

Proof. If S is a (1,2)*-g**-open set of X, then there exists an 1,2-open set U 

such that U  S  (1,2)*-cl** (U). U  S implies U  1,2-int(S). Hence by 

Remark 3.5, (1,2)*-cl**(U)  (1,2)*-cl**(1,2-int(S)). Therefore S  (1,2)*-

cl**(1,2-int(S)). Conversely, let S  (1,2)*-cl**(1,2-int(S)). Let U = 1,2-int(S). 

Then U  S  (1,2)*-cl**(U). Hence S is a (1,2)*-g**-open set in X.

Proposition 3.7. If S is an 1,2-open set in X, then S is a (1,2)*-g**-open.

Proof. Let S be a 1,2-open set in X. It implies S = 1,2-int(S)  (1,2)*-cl** 

(1,2-int(S)). Hence S is a (1,2)*-g**-open in X.
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Example 3.8. The converse of Proposition 3.7 need not be true. 

Refer Example 3.4, clearly S = {a, c} is a (1,2)*-g**-open set in X but it 

is not an 1,2-open in X.

Definition 3.9. A bitopological space X is said to be (1,2)*-T½ space if every 

(1,2)*-g-open set of X is 1,2-open in X.

Definition 3.10. A bitopological space X is said to be (1,2)*-g**-T½-space if 

every (1,2)*-g**-open set of X is 1,2-open in X.

Remark 3.11. In (1,2)*-T½ space, every (1,2)*-semi-open set is a (1,2)*-g**-

open.

Remark 3.12. (1,2)*-cl**(A)  1,2-cl(A) if A is a subset of X.

Theorem 3.13. If S is a (1,2)*-g**-open set in X, then A is (1,2)*-semi-open          

in X.

Proof. Given S is (1,2)*-g**-open set in X. Therefore there exists 1,2-open set 

U such that U  S  (1,2)*-cl**(U). By Remark 3.12 (1,2)*-cl**(U)                

1,2-cl(U). Hence U  S  1,2-cl(U) implies S is (1,2)*-semi-open.

Example 3.14. The converse of Theorem 3.13 need not be true. 

Let X = {a, b, c}, 1 = {, X, {a}} and 2 = {, X}. Then S = {a, b} is a 

(1,2)*-semi-open set but it is not a (1,2)*-g**-open.

Remark 3.15. If A and B are subsets of X, then (1,2)*-cl**(A  B) =               

(1,2)*-cl**(A)  (1,2)*-cl**(B).

Theorem 3.16. If A and B are (1,2)*-g**-open sets of X, then A  B is also a 

(1,2)*-g**-open set in X.

Proof. Given A and B are (1,2)*-g**-open sets in X. Then there exists 1,2-

open sets U and V respectively such that U  A  (1,2)*-cl**(U) and V  B 
(1,2)*-cl**(V). By Remark 3.15, (1,2)*-cl**(U)  (1,2)*-cl**(V) = (1,2)*-

cl**(U  V).  Hence U  V  A  B  (1,2)*-cl**(U  V). Hence A  B is 

also (1,2)*-g**-open set in X.

Example 3.17. If A and B are (1,2)*-g**-open in X, then A  B need not be 

(1,2)*-g**-open in X. 
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Let X = {a, b, c}, 1 = {, X, {a}} and 2 = {, X, {b}}. Then A = {a, 

c} and B = {b, c} are (1,2)*-g**-open sets in X and A  B = {c} is not a 

(1,2)*-g**-open set in X.

Theorem 3.18. Let A be a (1,2)*-g**-open set in X and B be any set such that 

A  B  (1,2)*-cl**(1,2-int(A)). Then B is a (1,2)*-g**-open set in X.

Proof. Given A is a (1,2)*-g**-open set in X. Therefore by Theorem 3.6, A 

(1,2)*-cl**(1,2-int(A)). A  B implies 1,2-int(A)  1,2-int(B), hence, (1,2)*-

cl** (1,2-int(A))  (1,2)*-cl**(1,2-int(B)). Therefore B  (1,2)*-cl**(1,2-

int(A))  (1,2)*-cl**(1,2-int(B)). Thus, B is a (1,2)*-g**-open set  in X.

Remark 3.19. If f: X Y is (1,2)*-g-continuous map, then f((1,2)*-cl**(A)) 

 1,2-cl(f(A)).

Theorem 3.20. Let f: X  Y be (1,2)*-g-continuous (1,2)*-open map. If A is 

a (1,2)*-g**-open set in X, then f(A) is a (1,2)*-semi-open set in Y.

Proof. Given A is (1,2)*-g*-open set in X. Therefore there exist an 1,2-open 

set U such that U  A  (1,2)*-cl**(U). By Remark 3.19, we have f((1,2)*-

cl**(A))  1,2 -cl(f(A)). Hence f(U)  f(A)  f((1,2)*-cl**(U))  1,2-cl(f(U)). 

Since f is an (1,2)*-open map, f(U) is 1,2-open in Y. This implies f(A) is a 

(1,2)*-semi-open set in Y.

Theorem 3.21. Let f: X  Y be a (1,2)*-homeomorphism. If A is a (1,2)*-

g**-open set in X, then f(A) is (1,2)*-g**-open set in Y.

Proof. Given A is a (1,2)*-g**-open set in X. Therefore there exists an 1,2-

open set U such that U A  (1,2)*-cl**(U), implies f(U)  f(A)  f((1,2)*-

cl**(U)). Since f is (1,2)*-homeomorphism and by Theorem 2.6, we have 

f((1,2)*-cl**(U))  (1,2)*-cl**(f(U)). Therefore f(U)  f(A)  (1,2)*-

cl**(f(U)) and hence f(A) is a (1,2)*-g**-open set in Y.

Theorem 3.22. Let f: X  Y be a (1,2)*-homeomorphism. If A is a (1,2)*-

g**-open set in Y, then f-1(A) is (1,2)*-g**-open set in X.

Proof. Given A is a (1,2)*-g**-open set in Y. Therefore there exists an 1,2-

open set U such that U  A  (1,2)*-cl**(U), implies f-1(U)  f-1(A)  f-1 

((1,2)*-cl**(U)). Since f is (1,2)*-homeomorphism and by Theorem 2.7, we          

f-1((1,2)*-cl**(U))  (1,2)*-cl**(f-1(U)). Therefore f-1(U)  f-1(A)  (1,2)*-

cl**(f-1(U)) and hence f-1(A) is (1,2)*-g**-open in X.
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Definition 3.23. A subset S of X is said to be (1,2)*-g**-closed if and only if 

X\S is (1,2)*-g**-open.

Definition 3.24. Let S be a subset of X. Then the 1,2-g**-closure of S is 

defined as 1,2-g**-cl(S) = {F: S  F and F is (1,2)*-g**-closed}.

Remark 3.25. From the above definition, 1,2-g**-cl(S) is the smallest (1,2)*-

g**-closed set containing S.

Definition 3.26. Let S be a subset of X. Let x  X. Then x is said to be a 

(1,2)*-g**-limit point of A if and only if every (1,2)*-g**-open set containing 

x contains at least one point other than x.

Definition 3.27. Let S be a subset of X. Then the set of all (1,2)*-g**-limit 

points of S is said to be (1,2)*-g**-derived set of S and it is denoted by (1,2)*-

Dg**(S).

Theorem 3.28. Let A be a subset of X. Then x  1,2-g**-cl(A) if and only if 

every (1,2)*-g**-open set U contains x intersect with A.

Proof. We prove this theorem in contra positive way. If x  1,2-g**-cl(A), 

then x  X\1,2-g**-cl(A). Let U = X\1,2-g**-cl(A). Then by Remark 3.25 U is 

(1,2)*-g**-open set which does not intersect with A. Conversely, if U is a 

(1,2)*-g**-open set of x which does not intersect with A, then X\U is a (1,2)*-

g**-closed set containing A. This implies x  1,2-g**-cl(A).

Theorem 3.29. Le A be a subset of X. Let (1,2)*-Dg**(A) be the set of all 

(1,2)*-g**-limit points of A. Then 1,2-g**-cl(A) = A  (1,2)*-Dg**(A).

Proof. Let x  A  (1,2)*-Dg**(A). This implies either x  A or x  (1,2)*-

Dg**(A). If x  A, then x  1,2-g**-cl(A). If x  (1,2)*-Dg**(A), then every 

(1,2)*-g**-open set contains x will intersect with A. Therefore x  1,2-g**-

cl(A). This implies A  (1,2)*-Dg**(A)  1,2-g**-cl(A).

If x  1,2-g**-cl(A), then to prove x  A  (1,2)*-Dg**(A). If x  A, 

then x  A  (1,2)*-Dg**(A). If x  A, since x  1,2-g**-cl(A) implies every 

(1,2)*-g**-open set of x intersects with A. Hence x  (1,2)*-Dg**(A). 

Therefore 1,2-g**-cl(A) = A  (1,2)*-Dg**(A).

4.  Properties of (1,2)*-g**-continuous maps.

Definition 4.1. A map f: X  Y is said to be (1,2)*-g**-continuous if the 

inverse image of every 1,2-open set in Y is (1,2)*-g**-open in X.
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Theorem 4.2. If f: X  Y is a (1,2)*-continuous map, then it is (1,2)*-g**-

continuous.

Proof. Let U be an 1,2-open set in Y. Since f is (1,2)*-continuous, f-1(U) is 

1,2-open in X. By Proposition 3.7, f-1(U) is (1,2)*-g**-open in X. Hence f is 

(1,2)*-g**-continuous.

Example 4.3. The converse of Theorem 4.2 need not be true.

Let X = {a, b, c}, 1 = {, X, {a}} and 2 = {, X, {a, b}}.

Let Y = {p, q}, 1 = {. Y, {p}} and 2 = {, Y}.

Let f: X  Y be a map defined by f(a) = f(c) = p, f(b) = q. Then f is 

(1,2)*-g**-continuous but it is not a (1,2)*-continuous map.

Remark 4.4. In (1,2)*-g**-T½ space, the concept of (1,2)*-continuous and 

(1,2)*-g**-continuous maps coincide.

Theorem 4.5. Let f: X  Y be a map. Then the following statements are 

equivalent.

(i) f is (1,2)*-g**-continuous.

(ii) the inverse image of each 1,2-closed set in Y is (1,2)*-g**-closed in X. 

Proof. (i)  (ii) Let C be any 1,2-closed set in Y. Then Y\C is 1,2-open in Y. 

Since f is (1,2)*-g**-continuous, f-1(Y\C) is (1,2)*-g**-open in X. Therefore        

X\f-1(C) is (1,2)*-g**-open in X, which implies f-1(C) is (1,2)*-g**-closed         

in X.

(ii)  (i) Let D be an 1,2-open set in Y. Then Y\D is 1,2-open in Y. This 

implies f-1(Y\D) is (1,2)*-g**-closed in X, which implies X\f-1(D) is (1,2)*-

g**-closed in X. Therefore f-1(U) is (1,2)*-g**-open in X. Hence f is (1,2)*-

g**-continuous.

Theorem 4.6 If f: X  Y is a (1,2)*-g**-continuous map, then f(1,2-g**-

cl(A))  1,2-cl(f(A)).

Proof. Since f(A)  1,2-cl(f(A)), implies A  f-1(1,2-cl(f(A))). Then 1,2-

cl(f(A)) is a 1,2-closed set in Y and f is (1,2)*-g**-continuous map implies                      

f-1(1,2-cl(f(A))) is (1,2)*-g**-closed in X. Hence 1,2-g**-cl(A)                             

f-1(1,2-cl(f(A))). Therefore f(1,2-g**-cl(A))  1,2-cl(f(A)).
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5. Relation between (1,2)*-g**-continuous maps and (1,2)*-g**-
irresolute maps

Definition 5.1. Let f: X  Y be a map. Then it is called (1,2)*-g**-irresolute 

if the inverse image of every (1,2)*-g**-open set of Y is (1,2)*-g**-open in X.

Remark 5.2. A map f: X  Y is a (1,2)*-g**-irresolute map if and only if the 
inverse image of every (1,2)*-g**-closed set in Y is (1,2)*-g**-closed in X.

Theorem 5.3. If f: X  Y is a (1,2)*-g**-irresolute, then f is (1,2)*-g**-
continuous map.

Proof. Let F be an 1,2-open set in X. Since f is (1,2)*-g**-irresolute map, 
implies f-1(F) is (1,2)*-g**-open in X. Hence f is (1,2)*-g**-continuous..

Example 5.4. The converse of Theorem 5.3 need not be true. 

Let X = {a, b, c} = Y, 1 = {, X, {a, b}}, 2 = {, X, {b}, {c}, {b, c}}, 

1 = {, Y, {a}} and 2 = {, Y, {b}}. Define f: X  Y by f(a) = c; f(b) = b; 
f(c) = a. Clearly f is (1,2)*-g**-continuous but it is not (1,2)*-g**-irresolute.

Theorem 5.5. Let f: X  Y be a (1,2)*-continuous  map and Y is (1,2)*-g**-
T½-space then f is (1,2)*-g**-irresolute.

Proof. Let A be (1,2)*-g**-open set in Y. Since Y is (1,2)*-g**-T½ space, 

implies A is an 1,2-open set in Y. Since f is (1,2)*-continuous, implies f-1(A) is 
(1,2)*-g**-open in X. Therefore f is (1,2)*-g**-irresolute map.

Theorem 5.6. Let f: X  Y be a (1,2)*-g**-irresolute map and g: Y  Z be a 

(1,2)*-g**-irresolute map. Then gof: X  Z is (1,2)*-g**-irresolute.

Proof. Let U be a (1,2)*-g**-open set in Z. Then g-1(U) is (1,2)*-g**-open in 

Y which implies f-1(g-1(U)) is (1,2)*-g**-open in X. Therefore (gof)-1(U) is 

(1,2)*-g**-open in X. Hence, gof is (1,2)*-g**-irresolute.

6. (1,2)*-g**-connected sets.

Definition 6.1. X is said to be (1,2)*-g**-connected if X cannot be written as 

disjoint union of two non-empty (1,2)*-g**-open sets.

Theorem 6.2. For a bitopological space X, the following statements are 

equivalent.

(i) X is (1,2)*-g**-connected.

(ii) The only subsets of X which are both (1,2)*-g**-open and (1,2)*-g**-

closed are  and X.
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Proof. (i)  (ii) Let U be a (1,2)*-g**-open and (1,2)*-g**-closed subsets of 

X. Then X\U is both (1,2)*-g**-open and (1,2)*-g**-closed. Since X is the 

disjoint union of (1,2)*-g**-open set U and X\U, implies one of these must be

empty, that is U =  or X\U = .

(ii)  (i) Suppose that X = A  B where A and B are disjoint non-empty 

(1,2)*-g**-open set of X. Then A(=X\B) is (1,2)*-g**-closed. Hence A is both 

(1,2)*-g**-open and (1,2)*-g**-closed subset of X. By assumption, A =  or A 

= X. This implies X is (1,2)*-g**-connected.

Theorem 6.3. (i) If f: X  Y is a (1,2)*-g**-continuous surjection map and X 

is (1,2)*-g**-connected, then Y is (1,2)*-connected.

(ii) If f: X  Y is a (1,2)*-g**-irresolute surjection map and X is (1,2)*-g**-

connected, then Y is (1,2)*-g**-connected.

Proof. (i) Suppose that Y is not (1,2)*-connected. Then Y = A  B, where A 

and B are disjoint non-empty 1,2-open sets in Y. Since f is (1,2)*-g**-

continuous and onto, X = f-1(A)  f-1(B) where f-1(A) and f-1(B) are disjoint 

non-empty (1,2)*-g**-open sets which is a contradiction to our assumption that 

X is (1,2)*-g**-connected. Hence Y is (1,2)*-connected.

(ii) It follows from Definition 5.1

7. (1,2)*-g**-homeomorphisms

Definition 7.1. A map f: X  Y is said to be (1,2)*-g**-open map if f(U) is 

(1,2)*-g**-open in Y for every 1,2-open set U in X.

Theorem 7.2. If f: X  Y is an (1,2)*-open map, then it is a (1,2)*-g**-open 

map.

Proof. Given f: X  Y is an (1,2)*-open map. Let G be any 1,2-open set in X. 

Then f(G) is 1,2-open in Y. By Proposition 3.7, f(G) is (1,2)*-g**-open in Y. 

Hence f is a (1,2)*-g**-open map.

Example 7.3. The converse of Theorem 7.2 need not be true.

Let X = Y = {a, b, c}, 1 = {, X, {a}} and 2 = {, X, {b}}. 

Let 1 = {, Y, {a}} and 2 = {, Y, {a, b}}. Then define f: X  Y as             

f(a) = a, f(b) = c and f(c) = b. Clearly f is (1,2)*-g**-open map but it is not an 

(1,2)*-open.
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Definition 7.4. A map f: X  Y is said to be (1,2)*-g**-closed if f(U) is 

(1,2)*-g**-closed in Y for every 1,2-closed set U in X.

Remark 7.5. If f: X  Y is a (1,2)*-closed map, then it is a (1,2)*-g**-closed 

and the converse need not be true.

Proof. Similar to the proof of Theorem 7.2.

Definition 7.6. A bijection map f: X  Y is called (1,2)*-g**-

homeomorphism if f is both (1,2)*-g**-continuous and (1,2)*-g**-open.

Remark 7.7. Every (1,2)*-homeomorphism is a (1,2)*-g**-homeomorphism 

but not conversely.

Theorem 7.8. For any bijection map f: X  Y, the following statements are 

equivalent.

(i) Its inverse map f-1: Y  X is (1,2)*-g**-continuous. 

(ii) f is a (1,2)*-g**-open map.

(iii) f is a (1,2)*-g**-closed map.

Proof. (i)  (ii) Let G be any 1,2-open set in X. Since f-1 is (1,2)*-g**-

continuous, the inverse image of G under f-1 namely f(G) is (1,2)*-g**-open    

in Y. Hence f is (1,2)*-g**-open map.

(ii)  (iii)  Let F be any 1,2-closed set in X. Then X\F is 1,2-open in X. Since f 

is (1,2)*-g**-open map, f(X\F) is (1,2)*-g**-open in Y. But f(X\F) = Y\f(F), 

implies f(F) is (1,2)*-g**-closed in Y. Therefore f is (1,2)*-g**-closed map.

(iii)  (i) Let F be any 1,2-closed set in X. Then the inverse image of F under 

f-1, namely f(F) is (1,2)*-g**-closed in Y. Since f is a (1,2)*-g**-closed map, 

f-1 is (1,2)*-g**-continuous.

Theorem 7.9. Let f: X  Y be bijective and (1,2)*-g**-continuous map. 

Then the following statements are equivalent.

(i) f is (1,2)*-g**-open map.

(ii) f is (1,2)*-g**-homeomorphism.

(iii) f is (1,2)*-g**-closed map.
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Proof. (i)  (ii) By assumption, f is bijective, (1,2)*-g**-continuous and 

(1,2)*-g**-open map. Then by definition, f is a (1,2)*-g**-homeomorphism.

(ii)  (iii)  By assumption, f is (1,2)*-g**-open and bijective. By Theorem 7.8, 

f is (1,2)*-g**-closed map.

(iii)  (i) By assumption, f is (1,2)*-g**-closed and bijective. By Theorem 7.8, 

f is a (1,2)*-g**-open map.
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