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ABSTRACT

In this paper we first evaluate a new unified finite integral involving products of multivariable Aleph-function, multivariable I-function, general class
of multivariable polynomials and the generalized hypergeometric function. Next, we make use of the results given by Orr and Bailey in establishing
three theorems. On account of most general nature of the functions and their arguments occuring in our main findings, several new results follow as
their simple special cases. The present study thus provides interesting unifications and extansions of a number of integrals.
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1.Introduction and preliminaries.

The function Aleph of several variables generalize the multivariable I-function recently study by C.K. Sharma and
Ahmad [2] , itself is an a generalisation of G and H-functions of multiple variables. The multiple Mellin-Barnes
integral occuring in this paper will be referred to as the multivariables Aleph-function throughout our present study and
will be defined and represented as follows.
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Suppose , as usual , that the parameters
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and Oy (sk) = (1.3)
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dy:()myj =M, +1,- -,Qak);dgk),j:l,m , My;
with k=1--- ,7ri=1,--- ,R,i(k)zl,--- ,R(k)

are complex numbers , and the O/S, I} /S, ’7/8 and 0’ s are assumed to be positive real numbers for standardization
purpose such that
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The reals numbers 7; are positives fort = 1 to R, T; (k) are positives for Z'(k) =1to R(k)

The contour Ly, is in the Sg-p lane and run from ¢ — 200 to ¢ + 100 where ¢ is a real number with loop , if

(k)

k . .
necessary ,ensure that the poles of F(dj - 5; )Sk:) with § =1 to my are separated from those of
T

'l —a; + Zagk)sk) with 7 =1 to N and I'(1 — ( )+ ’Y( )Sk) with j =1 to Nj to the left of the
=1

contour L}, . The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by

extension of the corresponding conditions for multivariable H-function given by as :
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable Aleph-function.

We may establish the the asymptotic expansion in the following convenient form :
R(z1, -5 20) = 0( [z - |2 ™)  maz(lz], -+ s 2] ) = 0

N(Zh' o ’ZT) = 0( |Z1|ﬁ17"' 7|Zr|ﬂr)’min( |z1|7' R |ZT| ) — 0
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where, withk = 1,--- .7 = min[Re(dg»k)/(sj(-k))],j =1,---, Myand
B = maz[Re((c}") —1)//\"N].j =1, | Ny

Serie representation of Aleph-function of several variables is given by
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Where ¢(., -+ ,.),0;(.),i = 1,--- ,r are given respectively in (1.2), (1.3) and
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In the document , we will note :
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where @(NG g1 s NGrgr ) 01(NG1 1), -+ 5 Or(NG,..q, ) are given respectively in (1.2) and (1.3)
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Zy

The multivariable I-function is defined in term of multiple Mellin-Barnes type integral :
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The defined integral of the above function, the existence and convergence conditions, see Y,N Prasad [1]. Throughout
the present document, we assume that the existence and convergence conditions of the multivariable I-function.

The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by extension of
the corresponding conditions for multivariable H-function given by as :

1
largz;| < §Qi7r’ where
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wherei=1,---,s

The complex numbers Z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable I-function.

We may establish the the asymptotic expansion in the following convenient form :

(21,0, 20) = 0( |21, -+ |24 ) smaz( |21, -+ |z ) = 0
(21,0, 2) = 0|21, |2 ) omin |z, - |2g] ) = 00
where, withk = 1,--- , 21}, = mzn[Re(bgk)/ng))],j =1,---,myand

B = max[Re((ag.k) — 1)/a§.k))],j =1, ,ng

We will use these following notations in this paper :

U =p2,q2;P3,q3; " ;Ps—1,qs—1; V = 0,m2;0,m3; -+ ;0,m5 1 (1.14)
W=.q) - (@9,q¢9);X = ) (m n) (1.15)
A = (agr, Aoy, gy ); - - ;(a(s—l)kaa/(s—l)kvo/(/sfl)lm e 704§§:8k) (1.16)
B = (bak, Boks 821 )i -+ 5 (b(s—1)k» B (s— 1)k Bls— 1y ﬁéz:i;k) (1.17)
A = (Ask; O sky Oy 5 p) = B = (bsk; B'sks Bl -+ 5 Bag) (1.18)
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A" = (afy, )iy 5 (a0l i BN = O B s 2 (07, B g0 (1.19)

The multivariable I-function write :

Iz, 20) = Iph ) wiw | (1.20)
S
The generalized polynomials defined by Srivastava [4], is given in the following manner :

IN{/M]]  [N./M]]

e M ~N)) (N
My, M M K t) MK,
SN{I,. [yla Y] = Z Z K't
Ky=0 t
A[N{, K3+ i N[, KyJyi -yl (1.21)

Where M7, -+ , M are arbitrary positive integers and the coefficients A[Nj, K1;--- ; N/, K;| are arbitrary
constants, real or complex. In the present paper, we use the following notation

Ky! K

a; =

A[N{, Ky;- - 5 Ny, K] (1.22)

Srivastava and Garg introduced and defined a general class of multivariable polynomials [5] as follows

F1L1+“'F’UL7J<E le "ZLU
SE T e 2= > (—E)ripy+tF,, B(E; Ly, - -+ Ly )177} (1.23)
Lyl Ly
Ly, ,Ly,=0
The generalized hypergeometric serie is defined as follows.
o0
[(ap)]s' &
Y)=) Y (1.24)
2 Gl

where [(ap)]sr = (a1)s -+ (ap)s; [(bg)]s = (b1)s - - - (bg)s'. The serie (1.24) converge if p < ¢ and|y| < 1

In the document , we note :
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2. Main integral
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where G(nGI,g]_) T 77]GT,9T), Aj, By are defined by (1.25), (1.26) respectively.
Provided that

aymin(e;, fi, ¢, d;, gr, bk, Vi, 61, p,0) = 0, (not all zero simultaneously) withi = 1,--- ju;j =1,--- ,r
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To prove (2.1), first we express the Aleph-function of r variables, two general class of polynomials of several variables,
the generalized hypergeometric function in form of serie with the help of (1.6), (1.22), (1.23) and (1.24) respectively.
Interchanging the order of summations and integration wich is possible under the stated conditions, we obtain.

my, [N1/99,] [Nu/My]F1 L1+ Fy Ly <E oo a ( )G1+~~-+GT
Z IS 2 X Z Z p B
/s" 5g, Gal - 0,.G)1
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0

7,27 (a — )%
I o da 2.3)
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Now expressing the I-function of s-variables in terms of Mellin-Barnes contour integrals and changing the order of
integrations ,we get

my [Nl/m [N /gﬁ ]F1L1—|— FyL,<E oo (_)G1—|—+G7
A1 By
DD SIS DID DI SIS S Z 5. Gl 5, Gl
1,"' r—Ogl_ g'/‘_o Kl— 71—0 L 17" ’U*O s'=0
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a
M (/ xp-l—nsl—&—Z?:l Kiei+> i_1cinGg,;,g; 2 i—1 9iLi+>25_4 Yiti=1dg dty - -~ dts
0
(CL - x)a+/\s’+2;‘=1 Kifi+> i1 ding,;,g; 25— hiLi—1 (2.4)
Now, evaluating the above integral with the help of Eulerian integral

C A - (M)
A—1 . pn—1 — At
/0 2 Ha—z)F dr=a IO+ ) (2.5)

Finally interpreting the result thus obtained with the Mellin-barnes contour integral, we arrive at the desired result.
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3. Theorems

Now we shall obtain three theorems with the help of our main integral formula given by (2.1) and the following three
results recorded in the work by Slater [3,p.75, Th.3 ; p.78, Th 4 ; p.79, Th.5].

Result 1. 1f (1 — 2)* 7'V "3,F[20/ — 1,282y — 1;] = "
~
n=0

1 1 — (v = 1/2),
then 2F1 [, B35 2]oF1 [ — o +277 277 ;] Z%% 3.1

n=0
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,7/ 6/ ,Y/ !/ 1 . (,y/ _|_ 6/ _ l)n
Rlo, g, Lyl T 22 ' da(1 — Wro = n
Theorem 1. 1f (1 — 2)* 7 =Y "5,F[20/ —1,28';127' — ;2] = Y 442" then
@ o 1 1
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M, e I .. Fy . F, ..
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(3.4)

under the same notations and conditions of validity that (2.1)

Theorem 2. 1f (1 — ) 7% =Y =51, [20/, 28, v/ 29, o + +— z] Za 2" then
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(-p—o—n—m+Ns =3 (ci+di)ng.g — iy Kilei+ fi) = iy Lilgi + )iy 401, 7 +0),

(_O-_)\SI_ZT 177Gz,gz Zz 1fZK E'L 1hL’La513" 55)791:14,

(3.5)
’B :B’
under the same notations and conditions of validity that (2.1)
Theorem 3. Ingl[O/,ﬂl;’yl;x] QFl[a’,B';d';:C]: Z’y;l‘n then
y12° (a — )t
a
| a = ) () ()b a - ) ST
0 C
Vuxc (a — x)f
/ / / /
roar Y 6 v B 1 .
—+ =, =+ = — = 0" 4x(1 —
By o B+ g g+ — i £ 8,0 (1 - )]
x129 (a — )™ 712 (a — x)™ 727 (a — )%
St N I dz
X, 29 (a — z)" 2’z (a — x)? 7,27 (a — x)°
s JVI/SDt Nu/mu FiLi+-F,L,<E oo S Gi+---+G,.
S YID IS M) SRS VRD DD 3w e e s
Gy, ,Gr=091=0  ¢,=0 K;= Ku=0 Ly, ,L,=0 s'= On—O 1!

(7/ + 5, — 1)1’L !/ n Ky K. L1 L, ' nc 'na s’
(o/ -+ ’Y/)n nT G(nthl’ T nGmgr) Y1 Yy X1 Ty 2 DL 2y Tl A1 By

n+p+a+(n—|—)\)s +> i (et fi) K+ 00 (citds )"7G1 9i +2 01 (githi )LzIV 0,ns+2;X
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(Lp—n—ns" =Y cilGig — Yoy €Ki = >i_y GiLis 71+ 7).

(p—o=n—(+Ns =i (i +di)ic,g — 2o Kilei + fi) = 252y Lilgi + ha)syn + 01, 95 +05),

('0_ As' — Z 177G1,gz ZZ 1fzK Zz lh Li;01,--- 758)72l D A

C (3.4)
B B’
under the same notations and conditions of validity that (2.1)
Proof of theorem 1
We first consider the result.1, Multiplying both sides of (3.1) by :
y12% (a — )t
—1 —1 93?1, ) [
27 (@ — )7y (ay): (b): b (a — @) S
Yozt (a — x)fv
g1 _ hi 7 pC1 _ dy Y1 _ 81
x129" (a — x) 712 (a — x) zsx" (a — x)
SIETI’M’FU . R o I e 3.5)
gU — h’U ) CT — d’l‘ ’Y.S J— 65
Xy (a — ) 7 x (a — x) 752 (a — x)

and integrating the equation with respect to x between the limits 0 to a. Evaluating the right side thus obtained by
interchanging the order of integration ans summations ( which is justified due to a absolute convergence of the integral
involved in the process ) and then integrating the inner integral with the help of the result (2.1). We get the desired
equation (3.1).

The proof of theorem 2. and theorem 3. can be established on the similar methods using results 2. and 3.

4. Multivariable H-function

If U =V = A= B =0, the multivariable I-function defined by Prasad degenere in multivariable H-function defined
by Srivastava et al [6]. We have the following results.

Corollary 1. Tf (1 — x)a/+51_71_%2F1 20" — 1,282y — L2] = Z V@™ then

Ly = 2ivial

/ " a — w)aflqu((ap); (by); bz" (a — :E)A) o[l By s wloF [y — o+ 5 5
0
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y12° (a — x)ht x129 (a — )M 712 (a — )%
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(' - 1/2)

n_y K L Ly 7 ’ s’
A]B]W’YHG(”GH,QU T nGmgr> Y1 b yu b Ly ZlnGl’g1 T Zrncr’grb
n

Zla’Yl—F(Sl

ot + 300 (eit fi) Kit 307 (citdi)ng, g, +307—1 (git+hi) Li pp0sms +2:X
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ZS a"Ys +69

(1'/) —n- 775/ - 22:1 CiNG;,9; — Zz 1 elK Zz 191 iy Y1yt 7’75)7

(‘P_U_”_(77‘|‘)\>3/_2221(Ci+di)7lGi,gq Zz 1K(€z+f1) Zi:l Li(gi 4+ hi);y 401, .75 +05),

('0'_)\3/_2 znGz,gL ZZ 1fzK Zz lh Li; o1, 58)72l: A

4.1
‘B B’
under the same notations and conditions of validity that (2.1)withU =V =A=B =0
Corollary 2. 1f (1 — 2)¥ =7 =51, [20/ 28’ 4/, 29/, o + B +— x] Za 2" then
¢ —1 o—1 A Il / / 1 / 1 /
P~ a — ) qu((ap);(bq);bx”(a—m) ) o1 [of, B3y swoF i [Y — ol 4+ 509" = 535 2]
0

y12% (a — z)h x129 (a — x)M 217 (a — )N
nglj...’gmu .. Sgl’m’Fv ... R

Yoz (a — x)fu x, 29 (a — )" 2,2 (a — x)%r
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zs17 (a — x)%

72527 (a — x)%

my [N1/M,] [Ny /My F1Li4FyLy<E oo oo

S ID IR0 M MR D M DD Y i L

G1,,Gr=0g1=0 gr=0 Ki= 1, ,Ly=0 §'=0n= 0

(e bt /
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691G 5 G | ( | 1,919 n 7"7.‘77‘) yl Yy 1 v 1 r

Zla’71+51

ntpto+(n+A)s'+30  (ei+ i) Kit+y i1 (citdi)ng, g, +> 1—1 (gi+hi) Li ry0,ns +2;.X
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4.2)

under the same notations and conditions of validity that (2.1)withU =V =A=B =0
o
Corollary 3. If oFy [0/, B+ s 2] oF1 [, 35075 x]= Z Ara™ then
y12° (a — )t

Vux (a — x)f“

/ 6/ ,_y/ /8/ 1

Pl g, L+ 2 02 §'s da(1 —

By o B 5+ 5 g g — i £ 8.0 (1 )]
x1291 (0 — z)" 7217 (a — )% 7527 (a — 1)%

Sh N H dz
x, 29 (a — x)h 2,2 (a — x)dr 2517 (a — x)%
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antetotmtN)s'+37500 (it fi) Kit 227 (citdi)ng, g, +327-1 (githi) Li ppOims +2,X
Ps+2,qs+1;W .
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(1—p -—n- 775/ - Z;:l CiNG,.g; — Z?:l e ki — Zf:l giLi; Y1y ’78)7

(-p—o—n—(n+Ns =Y (ci+di)ng,.g — >y Kilei + fi) = 2y Li(gi + )iy + 01, 75 + 0s),

(_U — s’ — 22:1 dinGzﬁgi - Z?:l flKZ - Z'Ii):l hZLu 517 T 768)791 A
R 4.3)
B :B’

under the same notations and conditions of validity that (2.1)withU =V =A=B =0

5. Conclusion

The aleph-function of several variables and multivariable I-function presented in this paper, is quite basic in nature.
Therefore , on specializing the parameters of this function, we may obtain various other special functions o several
variables such as multivariable I-function defined by sharma et al [2] ,multivariable Fox's H-function, Fox's H-
function , Meijer's G-function, Wright's generalized Bessel function, Wright's generalized hypergeometric function,
MacRobert's E-function, generalized hypergeometric function, Bessel function of first kind, modied Bessel function,
Whittaker function, exponential function , binomial function etc. as its special cases, and therefore, various unified
integral presentations can be obtained as special cases of our results.
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