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ABSTRACT

The object of this paper is first,to evaluate a general multiple Eulerian integrals with general integrand involving the product of a multivariable I-
function defined by Prasad [4], a general class of polynomials, the Aleph-function of one variable and generalized hypergeometric function with
general arguments. The second multiple Eulerian integral contain a general class of polynomials, the general polynomial set, the Aleph- function of
one variable and multivariable I-function with general arguments. Our integral formulas are interesting and unified nature.
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1. Introduction

In this paper, we evaluate two multiple Eulerian integrals involving the multivariable I-function defined by Prasad [4],
the Aleph-function of one variable and multivariable class of polynomials with general arguments.

The multivariable I-function defined by Prasad [3] is a extension of the multivariable H-function defined by Srivastava
et al [10]. We will use the contracted form.

The multivariable I-function of r-variables is defined in term of multiple Mellin-Barnes type integral :
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The defined integral of the above function, the existence and convergence conditions, see Y,N Prasad [4]. Throughout
the present document, we assume that the existence and convergence conditions of the multivariable I-function.

The condition for absolute convergence of multiple Mellin-Barnes type contour (1.9) can be obtained by extension of
the corresponding conditions for multivariable H-function given by as :
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The complex numbers z; are not zero.Throughout this document , we assume the existence and absolute convergence
conditions of the multivariable I-function.We may establish the the asymptotic expansion in the following convenient
form :
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wherek = 1,--- ,7:a), = min[Re(bg-k)/ﬁj(.k))],j =1,--+,myand
B = max[Re((ag.k) — 1)/a§-k))],j =1, ny

We will use these following notations in this section :
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The multivariable I-function of r-variables write :
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The Aleph- function , introduced by Siidland [11] et al , however the notation and complete definition is presented here
in the following manner in terms of the Mellin-Barnes type integral :
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For convergence conditions and other details of Aleph-function , see Siidland et al [11], the serie representation of
Aleph-function is given by Chaurasia et al [2].
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With s =1g,g = GB—ZQ P, < Q|2 < 1andQP 0iciir /() is given in (1.2) (1.14)

The generalized polynomials defined by Srivastava [7], is given in the following manner :
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Where My, -+, My are arbitrary positive integers and the coefficients A[N7, K71;- -« ; Ny, K] are arbitrary

constants, real or complex. In the present paper, we use the following notation

<_N1)M1K1 (_N )
K;y! K,

“A[Nl,Kl, -3 Ny, K] (1.16)

Ay —

The multivariable I-function is defined in term of multiple Mellin-Barnes type integral :
2. Sequence of functions

Agarwal and Chaubey [1], Salim [6] and several others have studied a general sequence of functions. In the present
document we shall study the following useful series formula for a general sequence of functions.
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and the infinite series on the right side (2.1) is absolutely convergent, R = In + qu + pt + rw + kir + k2q(2.3)
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where J(,, is a sequence of constants. This function will note Rg’ﬁ [x]
By suitably specializing the parameters involving in (2.1), a general sequence of function reduced to generalized

polynomials set studied by Raizada [5], a class of polynomials introduced by Fujiwara [3] and several others authors.
3. Integral representation of generalized hypergeometric function

The following generalized hypergeometric function in terms of multiple contour integrals is also required [8 ,page 39
eq .30]

[ T(4))

- PFQ [(Ap); (Bo); —(x1 + -+ + av)]
[T 0(B))

P
1 Il T(A; +s14+ -+ s) ]

= G / / 0 I D(=s1)- - T(=sp)ait - airdsy - - - ds, (3.1

(2mw)" Ji, L L T(Bj +s1 4 +s0)
where the contours are of Barnes type with indentations, if necessary, to ensure that the poles of I'(4; + s1 + -+ + s,)
are separated from those of I'(—s;),j = 1,--- , 7. The above result (1.23) can be easily established by an appeal to the
calculus of residues by calculating the residues at the poles of I'(—s;),j =1,--- ,r

The equivalent form of Eulerian beta integral is :

b
/ (t—a)* ' (b—t)f~'dt = (b — a)* TP B(a, B)(Re(a) > 0, Re(B) > 0,a # b) (3.2)

4. First integral

We note :
U=p2,q:p3,93;- ;Pr—1,¢-1;0,0;0,0;---:0,0;0,0;--- ;0,0 (4.1)
V =0,n2;0,n3;---;0,n,-1;0,0;0,05---;0,0;0,0;--- ;0,0 4.2)
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We have the following multiple Eulerian integral and we obtain the I-function of (r + [ + T')—variables
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(J) P < @ + 1. The equality holds, when, in addition,

l T @-r
(5, k)

either P > Qand Y |g; | [T a: + V9™ <1 (wi < a; <vigi=1,--,5)
k=1 j=1

T
or P < @ and ml?i(l 9k H(Ui(j)xi + VZ-(J))friJ <1l (u<z<vpi=1,---,s)

(K) The series occuring on the right-hand side of (4.5) are absolutely and uniformly convergent

Proof
. . . . M,N
To establish the formula (4.13), we first use series representation (1.13) and (1.15) for N Pi.Qi, CN,(.) and
S Ml’,:. Mat 1 Lespectivel . 'we use contour integral representation with the help of (1.1) for the multivariable I-
Ny, ,Nu P Y; 8 P p

function defined by Prasad [4] occuring in its left-hand side and use the contour integral representation with the help of
(3.1) for the generalized hypergeometric function pFQ () Changing the order of integration ans summation (which is
easily seen to be justified due to the absolute convergence of the integral and the summations involved in the process) .
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Now we write :

T , w T A NG
H(Ui(])xi + Vi(J))KE” _ H(U(”xl + V( ))K(J) H (Ui(])l'i + Vi('j))K'i( )
=1 j=1 =Wl

l

whereK(J)—n( ZK&” Z,o(” ZTi(j”“)gk i=1,---,8j=1,---,T (4.18)
k=1

and express the factor occuring in R.H.S. Of (4.13) in terms of following Mellin-Barnes contour integral with the help
of the result [9, page 18, eq.(2.6.4)]

w

A::g

) K@
i K9 (U us + Vi)™
T W/, L 1[P< GINED +¢))

=1 =1 r(-Kk7)
& (UO)(ZEZ - uz) g / !
e Y ]dcl---déw (4.11)
j=1 (iUi +Vi )
and
T T v T ) ON<
i ; Ny el Uv +V, i
(2rw)T- W/ / [T [Peres?+6) I 0+ v = ] vt ) ]
ﬂ—w Q/V+1 Lirj:W+1 j=W+1 j=W4+1 F(_Ki )
T (J) G
U (v; — ;) / /
U v —3) A€y 41 -+ - dCp (4.12)
:1‘;[ ’U7U(1) ‘/Z(J)) ] +

We apply the Fubini's theorem for multiple integral. Finally evaluating the innermost x-integral with the help of (3.2)
and reinterpreting the multiple Mellin-Barnes contour integral in terms of multivariable I-function of (r+1+7T)—
variables, we obtain the formula (4.13).

5. Second formula

We note :
U=p2,q2:P3,q3; s Pr—1,4r-1;0,0;--- 50,0 (5.1)
V =0,n2;0,n3;---;0,n,-1;0,0;--- ;0,0 (5.2)
X =m® W oom p10,.0051,0 (5.3)
Y — p(1)7q(1); e ;p(r)7q(1");; 0,1;---:0,1 (5.4)
A = (az; 0‘5/270‘%)) s (ag—1yks O‘Ei)—nkv O‘g)—nkv e aaﬁiiiiw (5.5)
= (bas BY B3R+ 5 (ba—yi Bir 1y Beet sy B 1) (5.6)
A=(api sy, gy 0,0 0) 57)
B = (b By 817+ B13, 0, 0) -8
A, = (al”, o) o @ el s (1,00 5(1,0) (5.9)
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B, = (0, B0 w5 (00, BV )1 s (0,1);---5(0, 1) (5.10)
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j=1

[1 — O — CZR nGg,gti — ZK Oé(J)a(S;a' 751$T)717"' 71707"' 70]1,87

7j=1
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[1_51_)\1R_77G,gb1_ZKJBZ(J)anéa 777'L(T)707"' 70717"' 71]1,3 (5.11)
j=1
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B* = [1 + 0—7/3 - HQR - nG,gC; - ZKjéz'(l’j);pz(‘Ll)? e 710(17T)707 Tt 70]1,57 Ty

1
Jj=1

1+0" =0 R—ng et — ZKé(T’”,pET”,- 20 O,
71=1

[1— i = Bi (G + MR = ngla; + by) ZK S BIY; 0+ ), (87 + )

(/J’;—i—e;)? 7(/’1’51) +01(l))717 71]1,5 (5.12)

We have the following multiple Eulerian integral

U1 Vs s (_)
— i— J
/ / @i — )Y 1HU(J)%+U
ul Us 1= 1

) 7| @iz a1 pas |, T | () (v = )™
Pza i,Ci;T ) ) CEJ') n J 9( 7)
=1 H?:1 <UZ(])-E2 + V;(])> j=1 H?:l <U( )371 + V(J))

i ’
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Y1 Hz’:l o T
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V,i0.m, X, ' .
IUr:pr:(IMWr : dxl dms
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G=1 g=0 K1=O
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i=1

w,v,u,t,e,ki,ko

s w w (3,1) T _ ) 5w (4:1)
H (u.U(J‘) + V,(f)) e S Kty H (uiU.(j) + VU)) nGge — i Kig)!
i=1 | j=1 J=W+1

7Z1W1 A AT A AL

Zp Wy

Vipr+sT+2s; X .
IU:pT+5T+25;qr+sT+s;Y (5.13)
Gy '

Gr B ;B*,%8;8,

where
toe ki k s i — w (Ci+Xi)R
1,0/(10, U, u, t e kl, k2): ¢(w v,u,i,€, 1‘; 27») HZZI(U U ) : : :
HS ) [H 1(u U(J) V(J))OE”R HT " l(u‘U-(j) + V(J))OE”R (5.14)
1= Jj= 1 7 j=W+4+ 1~ i
Y(w,v,u,t, e, ki, ks)and R are given by (2.4) and (2.3) respectively.
2 W0 1 ; N ; e
wy = H (03 — )% H (UiUi(J) I VZ_(J)> H (uiUZ_(]) 4 Vi(j)) d=1,--,r (5.15)
i=1 j=1 J=W1
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s (9)
v — u;) U .
Hl LL v + v J=1 W
S (Uz _ Uz U(J)
i—1 uU(j)—&-V]) Wl T
Provided that :

A0S W LT u;,v; € R;mm{ai,bi,cEj)7aEk),B§k),£§j’k>} >0,i=1,,s5k=1,-,u;j=1,-
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1y 7 i

(J) The series occuring on the right-hand side of (5.5) are absolutely and uniformly convergent

Proof
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To establish the formula (5.13), we first use series representation (1.15), (1.17) and (3.1) for Ng’,g“cz, ()

S%lv’.::"%“ [.] and R%P[.] respectively and the contour integral representation with the help of (1.2) for the

multivariable I-function defined by Prasad [4] occuring in its left-hand side. Changing the order of integration ans
summation (which is easily seen to be justified due to the absolute convergence of the integral and the summations
involved in the process) . Now, we write:

T ) w , , . T . .
j=1 j=1 Jj=W+1
where K7 = 0" —nggc? — RO — ST LiePV N p ¢ i= 1, sij =1, T (5.19)

and express the factors occuring in R.H.S. Of (5.13) in terms of following Mellin-Barnes contour integral , we obtain :

w ) w () (N KD 1 w
. . ) (U u; + V. ) i (7)
=1 j=1 F(_Ki(J)) (Qm’u) ’1 Wwoi=1 [
O (U'<j)($i — ;) g de! dc¢!
S wU? + v ] “dow 20
J= () 7
and
T ) T ) () K(J) 1 T ]
; N0) U v; + V
H (Ui(ﬂ)xi+‘/'i(J)>K, _ H ( 5 ) ](2 )T_W / H {F(_Cj’,)r‘(_[(i(ﬂ) -I-CJ’-)
J=W+1 =W+l I(-K;") mw Ly, Ly j=w+1
T (] ¢
(U (w; — v ’ /
H (vi U(J) + V J))) ] dCW+1 o 'dCT (5.21)
=W+ 4

We apply the Fubini's theorem for multiple integral. Finally evaluating the innermost x-integral with the help of (3.2)
and reinterpreting the multiple Mellin-Barnes contour integral in terms of multivariable I-function of (r 4+ T)—
variables, we obtain the formula (5.13).

6. Multivariable H-function

If U. =V, =A= B =0, the multivariable I-function reduces to the multivariable H-function defined by Srivastava et
al [10] and we obtain the two following formuals.

Formula 1
V1 Vs s T ( )
P M. — J
/ / — )y — ) H(U(J)l. JrU(J))
U1 Us = 1 j=1
S i b;
WM. 11 (@i — )" (vi — ;)
P'quaCmT' < (J)

i=1 HJT=1 (Ui(j)% V(J))
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= j=W+1
M oo [N1/Mi] [Nu /M. M.N
(_)gQPi7qu,Ci7r/(’l’]G7g) .
33 . .
Bgg!
G=1 _q:(] K1:O Ku:o .

yi Il

HPT+ST+P+2S;X

Pr+sT+P+2s;q,+sT+Q+s;Y

(i —ui) i (v =)

(1)

J’T=1 (Ui(j)fri—l-vi(j))‘fi '

0,13 X

p”’er;Wr

1 ot =i tr T
H (uzUl(]) +V(j)>7nc’g ’LJ 21:1 Kzfl H
| J=W+1
* .
Z1W1 A ,22[’ Q[l
Zp Wy
g1W1
gWi
G1
Gr B*’ %; %1

(m Ui(j) =+ Vi(j>

21 Hf:l

Zy Hle

S

=1

under the same notations and conditions that (5.13) with U, =V, =A=B =0

Formula 2
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(xifu")ég (Ui*:ni)ni

T () () RN
jzl(U,- z;+V, )

(wi—ui)‘sgr) (Ui—:ci)ngr)

L (U9 v )

-da,

)%'gcgj)*Ez;l K

w G
yqu [(Ui, - ui)ﬂc,g(aﬁbi)—k K (@ +89))

(6.1)



S i \bi S ) Ci ARY
M,N (i —u)® (v — ) .8 (i — u3)S (v — x5)
Np Qi |? 0 0 e R, ZH 0 0
i=1 T J), J v i—1 T 7
i 15—, (Ui x; +V; ) J T (U x; +V, )
(mz_uz)a (vi—s )B
Y1 Hz 1 D
M PR 7Mu
SN117"' 7Nu
(w) (w)
s | ez
Yu Hi:l e
s (z;—u;) (U.L—x )i
Z1 szl Ry
0,15 X 5
p'r‘vq'r;Wr dxl T dxs
s (z;—u;)% (vi—z )"ET)
Zy Hz_l Tz 1(}) - ( ; LG
j;l(Ujmi+Vj)z
s w ) gj) T
= (vz —u )amLﬁzfl H ('LL Uz'(j) + ‘/z(J)) ¢ H U(]) V(J))
i=1 j=1 J=W4+1
M oo [N1/Mi] [N /My] M,N
(_)gQPi:QiaCi:"’/(nG’g) K Ky,
YOV a Q. o
G=1g=0 K;=0 K,=0 G9:

Z ¢/(w7 ,U7 u7 t; e; kl? kQ)ZRH [(Uz - ui)nc’g(ai+bi)+z;t:1 Kj(agj)+'3£j))

i=1
w7v7u»t767k1 7k2

T

w

n gc . . 7, gc
H (UZU(J)—FV])) @ H <u7Uz(])+‘/z(])> @
i=1 | j=1 =Wl

S

. Klg{j.l) 72“ Kli(j'l)
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zqwy |[AT A
Zp Wi
pr+5T+2S;X :
pr+sT42s;q,+sT+s;Y ) (6.2)
Gy
Gr B*, B;%8,

under the same notations and conditions that (5.13) with U, =V, =A=B =0

7. Conclusion
In this paper we have evaluated two generalized multiple Eulerian integrals involving the multivariable I-functions
defined by Prasad [4] with general arguments. The formulae established in this paper is very general nature. Thus, the

results established in this research work would serve as a key formula from which, upon specializing the parameters, as
many as desired results involving the special functions of one and several variables can be obtained.
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