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C™ " being viewed as an indefinite inner product space. This is done
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1 Introduction

Let < .,. > denote the usual Euclidean inner product in C". An indefinite
inner product is defined by [z,y] =< z, Ny >, where N € C"*" is hermitian
and N = N1, Such a matrix N is called a weight. A space with an indefinite
inner product is called an indefinite inner product space. In the rest of the
paper, whenever C" is referred to as an indefinite inner product space, it will
be assumed that /N is the corresponding weight.

Investigation of linear maps on indefinite inner product spaces employ
the usual multiplication of matrices which is induced by the Euclidean inner
product of vectors. This gives rise to a mismatch as there are two different
values for the indefinite product of vectors. To overcome this mismatch, an
indefinite matrix product was defined in [1]. For completeness, we recall this
definition: Let A, B be two complex matrices of order m x n and n x p,
respectively. The indefinite matrix product of A and B is defined by Ao B =
ANB, where N is a weight as defined above. This not only rectifies the
defect mentioned earlier, but also enables us to at least recover some of the
results in indefinite inner product spaces in a manner similar to the ones
in the Euclidean space. We refer to [1], where it has been established that
the indefinite matrix product is more appropriate than the usual matrix
product, in the setting of indefinite inner product spaces, in the context of
certain specific questions on these spaces. We also refer to [3] for a Farkas
type theorem for the new matrix product.

The objective of this article is to obtain a representation theorem for
x—isomorphisms on C"*" endowed with the new matrix product. The ap-
proach adopted here parallels the techniques employed in [2] and [4]. How-
ever, the arguments here are much more involved than those mentioned

above. Our approach also has the advantage that it is intrinsic, in the sense
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that we have developed the proof completely using the new matrix product.
It is also pertinent to point out that while the results in the references men-
tioned earlier hold for x—isomorphisms on spaces of operators, we have been
able to prove our results only for x—isomorphisms on spaces of complex ma-
trices. This stems primarily from the difficulty in defining rank 1 operators
similar to the rank 1 matrices given in definition 2.6.

The paper is organized as follows: In the next section, we fix the notation
and collect preliminary results that are used in the sequel. In section 3, we

prove the main results.

2 Preliminaries

The adjoint A of a matrix A is defined by A = N,A*N,, where A*
denotes the complex conjugate transpose of A and Ny, N, are given weights
on C™* ™ C™ " respectively. It then follows that [Aox,y] = [z, (ToAol)oy]
for all x € C*, y € C™. For a matrix A € C™*", we define the range space
R(A) of A, by R(A) = {Aox:z € C"} and the null space N'(A) of A, by
N(A) = {z € C": Aox = 0}. For a subspace M of C", M will denote
the subspace M = {y € C" : [z,y] = 0,¥ox € M}. A square matrix A is
called idempotent if A o A = A; an orthogonal projection if A is idempotent
and A = (I o Ao I)M. In particular, if A is an orthogonal projection then
[Aox,y] =[x, Aoy]. Note that if A is idempotent and if z € R(A), then
Aox =u.

The proof of the following result is routine.
Lemma 2.1. If A is idempotent then R(A) = N (N — A).

A version of the Farkas lemma for indefinite inner product spaces was

proved in [3]. We state that next.
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Theorem 2.2 ([3], Theorem 2.5). For A € C™" R(I o A)IH = N(AM).
Lemma 2.3. Let A be such that A= (I o Ao I)M. Then R(A)M = N(A).

Proof. As A= (IoAoI)M, wehave (IoA)¥ =ToA. Set B=1I0A., sothat
A = ToB.Now, R(A)M = R(I o B)IY] = N(BM), by Theorem 2.2. Finally,
N(BF) = N((I o A)M) = N(I o A) = N(A), completing the proof. O

Lemma 2.4. Let A be a rank 1 matriz satisfying A = (IoAoI). Then R(A)
and N'(A) are orthogonal complementary subspaces. In this case, [x,z] # 0,

for all nonzero x € R(A).

Proof. Let x € R(A) NN (A). Then x = A oz = 0, showing that R(A) N
N(A) ={0}. Forany z € C", x = Aoz + (N —A)ox € R(A)+N(A). Thus
R(A) and N(A) are complementary subspaces. Let z € R(A) and y € N(A).
Then, z = Aoz and so [z, y] = [Aox,y| = [z, Aoy] = 0. Thus R(A) and N'(A)
are orthogonal. Let 0 # = € R(A) so that span{z} = R(A). Let z € R(A).
Then z = ax. If [z,2] = 0, then [2,2] = 0 and so x € R(A)H = N(A) (by
Lemma 2.3). This implies = 0, a contradiction. Thus [z, z] # 0. O

Lemma 2.5. Let A and B be orthogonal projections. Then
(i) R(A) CR(B) & AoB=A=BoA.
(ii)) R(A)[LIR(B) & AoB=0= BoA.

Proof. (i) Let R(A) € R(B). For an arbitrary z, Aox € R(A) C R(B).
Since B is idempotent, Bo Aox = Ao x for all x. Thus Bo A = A.
Taking the adjoint on both sides, we get Al o B¥ = AM. Then, we have
IToAololoBol =10Aol. Thus Ao B = A. The Converse is easy to see.
(ii) Let R(A)[L]R(B). Then for all z,y [BoAoz,y| = [Aox, Boy] = 0. Thus
Bo A =0. Similarly, Ao B = 0. Conversely, let z € R(A) and y € R(B).
Then [z,y] = [Aox,Boy|] =[z,Ao Boy] =0. Thus R(A)[L|R(B). O
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To study the representation of a star-isomorphism on a general matrix A,

we make use of rank 1 matrices. These are defined, next.

Definition 2.6. Let z,y € C". We define A, € C"*" by
Apyou=u,yllox, ueC"

and P, = sgn(x)I o A, ., where I denotes the identity matriz of order n and

1, if [z,2] >0
sgn(z) =
—1, otherwise.
Remark 2.7. From the definition we observe that P, ox = x and P,ou =

sgn(z)[u, z|x.

Now we present some properties of A,,. The proof of the first result to

follow is routine and is hence omitted.

Lemma 2.8. A, , is a rank one matriz and An, py = a8A,,, where o and

[ are scalars.
Lemma 2.9. A&*]y = Ay
Proof. Let u,v € C". Then
[u,ALC*}yov] = [[ToA,,o0lou,v

= [[oA,,ow,v], where w=TIou
= [w,y][z, ]

= [lou, v, z]y]

= [u,[v, 2]l oy]

= [u, Ay, 0]
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Lemma 2.10.
(i) If [x,x] = %1, then [0 A, .0l 0 A, = sgn(x)[y, 2] P,.

(11) If [z,2] = %1, then [0 A, ,0l 0 A, , = sgn(z)] o A, ,. In addition, if
[z,2] = £1, then [ 0 A, ,0 I 0 A, = sgn(x)sgn(z)Py.

Proof. (i) ToA,,0l0A,,ou = [oA, . olofu,z]loy
— [alloA,.oy
— [u,x][y, Z].I

= sgn(x)ly, z| Py o u.

Thus [ o A, .00 A,, = sgn(z)y, 2] P,.

(ii) can be proved in a similar manner. O

Lemma 2.11. Let A € C**™ with rank 1. Then there exist non-zero vectors

x,y such that A=10A,,.

Proof. Let R(A) = span{x}. If [x,2] = £1, let y = sgn(z)(I o Ao )M ox.
Now, we have for any u € C", Aowu = fx. Then [Aou,z] = [fz,z] =
Bsgn(x), so that f = sgn(z)[A o u,z]. Thus Aou = sgn(z)[A o u,z|x
= sgn(z)[u, (Io Ao M ox)z = [u,ylz =T o[u,y]lox =1 o A,, ou. Hence
A=1T0A,,.

If [z,2] = 0 then for any u € C", let Aowu = fz. Choose y such that
B = [u,y]. Then Aou = [u,y]z. Also, [ o A, ou=10[u,y|lox=u,ylz.

Thus A=J10A in this case too. O

T,y

Next, we discuss some properties of P,.

186



Characterization of *-Isomorphismsin an Indefinite...

Lemma 2.12. [f [z, 2] = £1, then P, is an orthogonal projection.

Proof. Let u € R™. Then P,oP,ou = P,osgn(x)[u, z]x = sgn(z)[u, x] Pyox =
sgn(z)[u, 2]z = P, ou. Thus P, is idempotent. Also, [(I o P, o 1) o u, ]
= [u, P, ov| = sgn(z)[u, z][x,v] = [sgn(z)[u,z]z,v] = [P, o u,v]. Thus

(IoP,0ol)M =P, O
The next result is the converse of Lemma 2.12.

Lemma 2.13. If P is an orthogonal projection of rank 1, then there exists

x € C" such that P = P, with [x,x] = £1.

Proof. Let R(P) = span{x}. Since P is an orthogonal projection, by Lemma

2.4, [x,z] # 0. Without loss of generality we may assume that [z, z] = 1.
Let u € C*. Then P ou = ax, where a = sgn(z)[P o u,x]. So, Pou

= sgn(z)[P o u, z|x = sgn(x)[u, P o z|x = sgn(x)[u, z]xr = P, o u, where we

have used the fact that P o x = z, since x € R(P). Thus P = P,. ]

3 Main Results

In this section we establish the main results, viz., Theorem 3.4 and Corollary
3.5. First we prove a couple of preliminary results. We begin with the

definition of a x—isomorphism.

Definition 3.1. A linear map ® : C"*" — C™*" is called an isomorphism
if it is one-one, onto and (Ao B) = ®(A) o ®(B) for all A,B € C™". An
isomorphism ® is called a x—isomorphism if [P(A)|M = To®(To AMloI)o T
for all A € C™*™.
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Lemma 3.2. Let & : C"*" — C™ " be a x—isomorphism. If [z,z] = +1,

then ®(P,) is an orthogonal projection of rank 1.

Proof. Let [x, 2] = £1. Then by Lemma 2.12, P, is an orthogonal projection.
We have ®(P,) = ®(P, o P,) = ®(P,) o ®(P,). Also, (I o ®(P,) o )l =
To(@®P)ol=I0lo®loPol)olol=®P,). Thus ®(P,) is an
orthogonal projection.

Let the rank of ®(P,) be more than 1. Let y, z be two linearly independent
vectors such that [y,y] = £1, [2,2] = 1 and span{y,z} C R(P(F,)).
Consider P, P,. Since y and z are linearly independent, P, # P, for any
scalar o. Then R(P,) = span{y} C R(®(FP;)). Thus by Lemma 2.5, P, o
®(P,) = P,. As @ is a x—isomorphism, ®[~1 is also a *—isomorphism.,
So, ®~YU(P,) is idempotent and ®U(P,)) = (I o ®-U(P,) o ) so that
®I=U(P,) is an orthogonal projection. Also, ®=1(P,)o P, = ®[=1(P,). Thus
R(®U(P,)) € R(P.), again by Lemma 2.5. Similarly, R(®[-1(P,)) C
R(P,) (Note that ®~U(P,) # a®[~U(P,) for any scalar a.). If ®-U(P,)) =
0, then y = 0, contradicting [y,y] = +1. Thus R(®-Y(P,)) # {0} and
R(®U(P,)) # {0}, similarly. Thus there exist vectors u € R(®7U(R,))
and v € R(®Y(P,)). Then u,v € R(P,) = span{x}. If v is a multiple of u,
then it follows that z is a multiple of y, a contradiction. So, u, v are linearly
independent. However, this contradicts the fact that u,v € span{z}. So rank

of ®(P,) is 1. O

Lemma 3.3. Let & : C"*" — C™"*" be a x—isomorphism. Then for each
x € C" with [x,z] = £1, there exists T € C" with [Z,Z] = £1 such that
O(P,) = P;.

Proof. ®(P,) is an orthogonal projection of rank 1, by Lemma 3.2. By
Lemma 2.13, there exists £ € C" such that ®(P,) = P; with [z,z] = £1. O
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Theorem 3.4. Let ® : C"*" — C™ " be a x—isomorphism. Then there
exists U € C™" such that ®(A) = c¢(I o U) o Ao (U o I for all rank 1
matrices A € C™" with (Io U)o (Uol)=cN = (IoU)o (Uol)M, where
c==*1.

Proof. Let xy € C" such that [zg,z9] = £1. By Lemma 3.3, there exists
7o € C" such that ®(P,,) = Pz, and [T, To] = 1.
Define U : C**"™ — C™™ by

on:IOQ(IoAy,xo)oan y e C".

Then
Uoxg = To®(IoA, )0 T
= sgn(xg)l o ®(Py,) o Zo
= sgn(xg)l o Zy. (3.1)
Now
[U °y, Uo Z] = [I © (I)(I ° Ay,ﬂfo) © To, Io Q)(] ° AZ,IO) o jo]

= [[To(Io®(Io AZ@O))[*] ololo®(IoA,,,)o T, T
= [®(I 0 ALL) 0 ®(I 0 Ayy,) © To, o)
= [®(IoA,.)oP(loA,,,)o Ty To|, (by Lemma 2.9)

= [@(I @) AQ;O,Z olo Ay,xo) o j07 EO]

= sgn(zo)|y, z][P(Py,) © To, To], (by (i) of Lemma 2.10)
= sgn(zo)ly, 2][Pz, © To, To]

= sgn(xo)y, z][Zo, Zo]

= sgn(xo)sgn(To)ly, z].
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Also, [Uoy,Uoz]=[IoUMoIoUoy,z| It then follows that 1 o U o
IToUol=sgn(xy)sgn(zo)l. Thus

(IoU)M o (Uol)=cN, (3.2)

where ¢ = sgn(zq)sgn(T). Similarly, we can prove (I o U)o (U o I)¥ = cN.

We next prove
O(ToA,,) =cIolU)o(IoA,,,)o(Uol)l
Let u,y € C". Then

O(IoAy,)oTolU)ou = B(IoAy,,)od(I 0 Aus) oo
= BT oAyyoloAy,u)oT
= sgn(xo)[u, y|P(Py,) o To, (by (i) of Lemma 2.10)
= sgn(xo)[u,y| P, © To
= sgn(wo)[u, y|Zo

Also,

([oU)o(loAy,y)ou = [u,yllolUoux
= [ ](DIOACEOCCO) To

(
= sgn(wo)[u, y|P(Pry) 0 T
sgn(o)[u, y] P, © To
)

o)[u, Y] o

Thus, ®(/ 0 A,y )0 (L oU) = (L oU)o (I oA,,). Post multiplying by
o(Uo NF we get ®(Io Ayy,) =c(lolU)o(IoA,,)o (Uol)l where we
have made use of the fact that ocN = cI.

(
(
= sgn(x

Let A be a rank 1 matrix. By Lemma 2.11, there exist non-zero vectors

x,y such that A =10 A, ,.
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(10 A,,)

D (sgn(zo)l 0 Ay zgo I 0 Ayyy) (by (ii) of Lemma 2.10)

sgn(o)®(I 0 AL ) 0 ®(1 0 Ay )

sgn(wo)] o {®(I 0 Ayyz)} o To®(I0 A,y

¢ sgn(wo)l o {c(IoU) o (IoAgy.)o(Uo NN oTod(I0A4,,,)
*sgn(zo)IoUoTo Al oTo(IoU)o(Uol)o Ay, o(Uoll
¢ sgn(ro)oUoTo Ay ol oAy, o (UolM (by Equation (3.2))
cloUoToA,,o(Uol) (by (i) of Lemma 2.10)
c(IoU)oAo(Uol)M

Thus ®(A) = ¢(I o U)o Ao (U o Il for all rank 1 matrices A € C™**. [

Corollary 3.5. Let & : C™*" — C™" be a x—isomorphism. Then there
exists U € C™" such that ®(A) = c(IoU) o Ao (U o NP for all A € C™"
with (IoU)Ho(Uol)=cN = (IoU)o(Uol)M, where c==+1. Moreover,

U is unique up to a scalar multiple of absolute value 1.

Proof. By Equation (3.1), U o xy = sgn(zo)l o Zy. So,

(UoDWoTloUo (sgn(xo)ry) = (UolMolo(Toz)  (3.3)

= (Uo [)M o Tp.

Recall that I o UM o T o U o I = cI, where ¢ = sgn(zy)sgn(Zo). Then

(UoIH

oloU =c¢ N, so that we have

(UoDWMozy = (UoDMoToUo (sgn(ze)l o)
= ¢ N o (sgn(xzo)zo)

= ¢ sgn(zo)o,
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where we have used the fact that N o xy = xg.
Let zy € C" with [zg,29] £ 1. Then Aol o A,,, is a rank 1 matrix for
all v € C". By Theorem 3.4, there exists U € C™*™ such that
®(AoloA,,)=c(loU)oAoloA,,, o(Uoll
with (o U)o (Uol)=cN = (IoU)o (UolI)M. Then

O(A)oloUov = P(A)oP(loA,,,)oTp
— ®(AoloA,,)om
= ¢(IolU)oAoloAy,,o(Uolloz
= sgn(xo)(IoU)oAoloA,,, oxy (by Equation (3.3))
= ({oU)oAow.

Thus ®(A) = c(Io U)o Ao (U o I)H.
Uniqueness of U follows in a manner similar to the Euclidean case (Section

5, [2]). O
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