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ABSTRACT

The object of this paper is first,to evaluate a general multiple Eulerian integrals with general integrands involving the product of a multivariable I-
function defined by Prathima et al [4], a general class of polynomials, the I -function of one variable and generalized hypergeometric function with
general arguments. The second multiple Eulerian integral contain a general class of polynomials, the general polynomial set, the [ - function of one
variable and multivariable I-function with general arguments. Our integral formulas are interesting and unified nature.
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1. Introduction

In this paper, we evaluate two multiple Eulerian integrals involving the multivariable I-function defined by Prathima et
al [4], the I-function of one variable defined by Rathie [6] and multivariable class of polynomials with general
arguments. The multivariable I-function defined by Prathima et al [4] is a extension of the multivariable H-function
defined by Srivastava et al [10]. We will use the contracted form.

The multivariable I-function of r-variables is defined in term of multiple Mellin-Barnes type integral :
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wherei=1,--- ,r.Also z; #0fori=1,--- ,r

The parameters m;,n;,p;,q;(j =1,---,7),n,p, ¢ are non negative integers (for more details, see Nambisan [6])
agl)(j = 17 o apal = 17 ,'I"),ﬁ;l)(.] = 17 ,q,Z = 17 ?T)ar}/fl)(] = 17 7p272 = 17 7T) aﬂdé;z)
(j=1,---,q;;i=1,--- ,r) are assumed to be positive quantities for standardisation purpose.

a](]:157p)7b7(.]:175q)7 51)(] la"'7pi7i:17""T)7d‘/(ji)(j:17"'7qi7i:17"'77‘) are Complex

numbers.
TheeXpOSElntSAj(j = 17 7p)7BJ(] = 13 aQ)acj(l)(] = 17 7p’LaZ = 13 3T)?D§Z)(] = 17 7QZa7‘ = la 5T)
of various gamma function involved in (2.2) and (2.3) may take non integer values.

The contour L; in the complex s;-plane is of Mellin Barnes type which runs from ¢ — ioco to ¢+ i0o (¢ real) with
(i) i (i . . .
indentation, if necessary, in such a manner that all singularities of I'" (dy) - oj.”sl-) ,j=1,--- mjlie to the right and
()
e (1- (Z wj( )sz) j=1,---,n; are to the left of L,.

Following the result of Braaksma [2] the I-function of r variables is analytic if :
) NS A L NS AL NS ()5
Ui =Y A0 =3 B;a0 + 3040 =N DI =1,y (15)
j=1 Jj=1 j=1 j=1

The integral (2.1) converges absolutely if
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The I- function , introduced by Rathie [6], however the notation and complete definition is presented here in the
following manner in terms of the Mellin-Barnes type integral :

- oy Aj) (aj, 0 Aj) 1 _
I — [ ( Aj, A Aj)n n+1, (G, 45 Aj)p _ / Qmn 5d 1.7
B =i\ # (b4, 855 Dmamr1, (b B33 By)g | 2aw J, P9 (s)z7"ds (1.7

for all z different to O and

172, T, + Bjs) Hﬁ T4(1—a; — %‘8)
f n+1 PAZ<CLJ+05]S) 7 m+1 FB ( /BJ )

Paq

(1.8)

When the poles of I'(b; — f;s),5 =1,---,m, are simples the integral (1.8) can be evaluate with the help of the
Residue Theorem. We obtain
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with s = NG ¢ = —F—
’ BG

;P < q,|z| < Tand Q7" (s) is given in (1.8)

For more detail, see Rathie [6].

The generalized polynomials defined by Srivastava [8], is given in the following manner :
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Where M7, -+, M are arbitrary positive integers and the coefficients A[N 1, K15+ 5 Ny, Ku] are arbitrary

constants, real or complex. In the present paper, we use the following notation
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The multivariable I-function is defined in term of multiple Mellin-Barnes type integral :

2. Sequence of functions

Agarwal and Chaubey [1], Salim [5] and several others have studied a general sequence of functions. In the present
document we shall study the following useful series formula for a general sequence of functions.
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and the infinite series on the right side (2.1) is absolutely convergent, R = [n + qu + pt + rw + k17 + k2q(2.3)
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l

where J(,, is a sequence of constants. This function will note Rg’ﬁ [m]
By suitably specializing the parameters involving in (2.1), a general sequence of function reduced to generalized
polynomials set studied by Raizada [7], a class of polynomials introduced by Fujiwara [3] and several others authors.

3. Integral representation of generalized hypergeometric function

The following generalized hypergeometric function in terms of multiple contour integrals is also required [10 ,page 39
eq .30]

35



P T4
%PFQ [(Ap); (Bg); — (w1 + - + )]
Hjl Aj+si++s,) .
(27w)" / / Bt o1 t- +sr)l“(—sn)...l“( )zt - atrdsy - - - dsy 3.1)

where the contours are of Barnes type with indentations, if necessary, to ensure that the poles of I'(A; + s1 +--- + s,)
are separated from those of I'(—s;),j = 1,--- , 7. The above result (1.23) can be easily established by an appeal to the
calculus of residues by calculating the residues at the poles of I'(—s;),j = 1, -

The equivalent form of Eulerian beta integral is :

b
/ (t—a)* ' (b—t)f~'dt = (b— a)* TP B(a, B)(Re(a) > 0, Re(B) > 0,a # b) (3.2)

4. First integral

We note :
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Y =pi,q15- ;pr,q;0,1;---:0,1;0,1;--- ;0,1 (4.5)
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We have the following multiple Eulerian integral and we obtain the I-function of (r + [ + T')—variables
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Provided that :
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(H) The series occuring on the right-hand side of (4.8) are absolutely and uniformly convergent
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TheexposantSAj(jzlv 7p)7Bj(]:17 ~Q)aC7(Z)(]:17 7p172: 1a 7T)7D§Z)(]: 13 aqz77/:17 , T

of various gamma function involved in (1.3) and (1.4) may take non integer values.

(J) P < @ + 1. The equality holds, when , in addition,

l T @-PF
(3.k)

either P > () and Z Ik H(Ui(j)xi + VD) <1 (w; <a; <vii=1,---,5)
k=1 j=1
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T
1 1 (4,k)
or P < @ and max ok H(Uz’(j)xi + Vl_(J))—ri k <1 (w<m<vii=1,---,s)

<k<l L

Proof

To establish the formula (4.8), we first use series representation (1.9) and (1.10) for [ (Z) and S Ml’ R ’js/i“ []

respectively, we use contour integral representation with the help of (1.1) for the multivariable I-function occuring in
its left-hand side and use the contour integral representation with the help of (3.1) for the generalized hypergeometric
function pF Q() Changing the order of integration ans summation (which is easily seen to be justified due to the
absolute convergence of the integral and the summations involved in the process) . Now we write :

T w T
. . ) . . D) : ; (3)
j=1 j=1 J=W1

l

u
where Kz'(j) _ m(]) _ nG,gCZ('J) _ Z Klfz(ml Z p(j ) Z Ti(J,k)Ck i=1,---,85j=1,---,T (4.13)
=1 k=1

and express the factor occuring in R.H.S. Of (4.8) in terms of following Mellin-Barnes contour integral with the help of
the result [9, page 18, eq.(2.6.4)]

/ / )F( 7)+C)ﬁ( ()x+V()K(]):1M—/[
27TCL)W / W7 1 !

j=1 j=1

(UD gy 4 VKD
F(_K(J))

?

W YN, LY
e 1@3)) ]dCi“'dCﬁv (4.14)
j=1 (w; U +V;
and
1 ; a ; N ) L Uy, + VUK
(2 )T—W/ / C;')F(_Ki(])"‘cj/') H (Ui(]>l'i+Vi(J))K’7 _ H (U vi Zj))
g [ Ti W+1 j=W+1 j=W+1 F(*Ki )
z (U‘(j)(vi_l'i) C; d / d /
Al;[ﬂ *m ] Cwar - -dCp (4.15)
=W 19 1

We apply the Fubini's theorem for multiple integral. Finally evaluating the innermost x-integral with the help of (3.2)
and reinterpreting the multiple Mellin-Barnes contour integral in terms of multivariable I-function of (r +1+4T)—
variables, we obtain the formula (4.8).

5. Second integral

We note :

1 1
A= (aJ7 ( )7 o (T) A ) 717’ = (b%ﬁj( )7 : 76§r);Bj)1,q (5-1)
O = (A ) s (A O 5 (1,05 1) 5 (1,0:11) (5.2)
D= (d", 8", D) g5 (@, 805D 05 (0,15 1)+ 5 (0, 151) (5.3)
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A= {1+Jg_0£R_nG,gC;_ZKjéz(l’J 7p7(1 1) : 7p§17r)71707"' 70;1]1,57"' )
[1+0-2(T) e(T)R yles QC( ) ZK é-(TJ)’pETl)’ o apz(‘Tm)vO?"' aoal;l]l,sv
j=1

[1— oy — GR — ng.ga; — ZKa“),a;, 0 11,0, 01,

7=1
W-items  (T-W)-items
[1—8i — NiR —na,gbi —ZKj/BZ-(j);né, ,n(r) 0,---,0,1,--- , 1;1]1 4 (5.4)
j=1

W-items (T-W)-items

B*=[1+0; —0;R— ¢4, —ZKg(l,J)’p§11)7 ) 7p§1,r)7()’...’0;1]1737...’
7=1

[1+ (T) —Q(T)R e 7gc( ) ZKf(TJ),pETl); . 7p(T7°) 0,---,0; 1]1,37

71=1
[1—a;— B (G + MR — ng.g(ai + b)) ZK o+ BIY; 0+ ), (087 40
(f+ 05, () +0), 1, 11 (5.5)

We have the following multiple Eulerian integral

1 Us =1

v1 Vs s )
/ H [ — ) Bi—1 H u(j)xl +v ’)]
u

man | T (i — ;)™ (v; — ;)" wi| ;T (2 — i) (v — @)™
Ipq |# ' —— o | | B |4 H e
i=1 HjT:1 <UZ~(J)LL’¢ +Vi(3)) j=1 H]T:1 <U(9):L’Z +V(J)>
s (337,—11,7‘) l(vz_‘rz)ﬁ
Y1 Hz:l (U(J>1 +V(J)>§(J D
M17"‘ 7Mu
Nl7"' 7Nu

(u) (u)
Hs (zi—ui)®i (Ui—wi)ﬁi
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JT=1 (Uij miJFVi] ) ’
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oo [N1/M;] [

Nu/M,]
Z/: a 0 o)
" BGQ! ! “

So o Ywvute ki k)2 [ -yt s

i=1
w,ﬂ,u,t,@,kl,kg

S

w (7) u (4,1)
11 (ulU(J +VJ)) na.gc i Kig

=1 |j=

I
3
p

Z1W1 A ;A* :C
Z’I"w’l“
0,n+sT+2s; X .
Ip—l—sT—l—Qs ;q+sT+s;Y . (5'6)
Gy
Gr B:B*:D
where
toe ki k _ (Ci+Xi)R
lib/(w’/l]’u;t;e; k17k2>: s ;[/j(w7v71:7‘7) - (1]’) 02(;))]{‘[2 1( - ) (7) [CV:1525 5 (57)
[T [IL% wU? + VY Ry (@l + v
Y(w,v,u,t, e, ki, ko) and R are given by (2.4) and (2.3) respectively.
s oo w , ) _p(_j,w T ) ] _p(j,l)
wy = H (v; — Ui)(si +n; H (uiUz‘(]) + ‘/Z(J)) : H (uiUi(J) + m(J)) ‘ A=1,---,r (5.8)
i=1 j=1 J=W+1
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s ()
vz — ul U, .
S ('Uz _ Uz U(J) B
o v | j=w+1,--,T (5.10)
Provided that :

(A) 0 < W < T;uiavi S R;min{ahbhCz('j)7az('k)a51‘(k)a£i(j7k>} >0 72. = 17 ,S;k = 17 ,U;j = ]-v 7T

(B)mm{Q?A“ﬁZJ),éb ,nl(l>7p(Jl)} >0;j=1,---,T;i=1,---,8;0=1,---,r

(C) Re(ay, i, v ,(j))>0(z—1 7j=1,~--,T);|7-|<1

2

U@ 1y

(v; —ui)U»(j)

(D) max <l,i=1,---,s85=1,--- , W and

(v; — ul)U@
UiUi(]) V(J)

qi
€) Ui = ZAoz ZBB +ZC( '3 DV <oi=1, 1
Jj=1

max <lyi=1,---,85j=W+1,---,T

p q my Pk
(F) D = — Z Aj@;k) _ ZBj/jj(k) + ZD§k)5§k) _ Z D(k)é(k + Zc(k)%k) Z C§k)7§k)

j=n+1 Jj=1 j=1 Jj=mg+1 Jj=nk+1

IO Z PP 5

T
ik 1
(G) |arg H Dos + V(])) e §A¢7T

(H)m77n77p77Q7(.7 = 17 ?T)7nap7q€ N* ;551) ER-F(] = ]-a 7QZa2: 1u 7T)
(Z)GRJr(]_l ,p;i:l,---,7')7,857;)6R+(j:1,-~-,q;i:17~--,’f') (Z)eR (]:1,,])“121,,7")
a](]: 1) 7p)7bj(.]:17 7q)7csl)(]: 17 >p17Z: 17 7T)7d51)(]: 17 7qi7i: 17 ,’I") eC

TheeXpOSElHtSAj(j = 17 7p)7BJ(J = 1a 7q)5cg(l)(j = 17 7p77Z = 17 3T)?D52)(] = 17 7q172 = 1a ,T)
of various gamma function involved in (1.3) and (1.4) may take non integer values.

(I) The series occuring on the right-hand side of (5.5) is absolutely and uniformly convergent

Proof
. . . . T My, M,
To establish the formula (5.6), we first use series representation (1.9), (1.10) and (3.1) for, [ (Z ),S Ny, Na [] and

R%’B [] respectively and the contour integral representation with the help of (1.2) for the multivariable I-function

occuring in its left-hand side. Changing the order of integration ans summation (which is easily seen to be justified due
to the absolute convergence of the integral and the summations involved in the process) . Now, we write:



T w T
; ; () ; ; (J) ; i 3)
j=1 j=1 J=W1

i . )
where Kj]) = 777(]) (]) ‘9(]) ZL f(J’ ) ZP(N)Q =1 ,85=1,---,T (5.11)

and express the factors occuring in R.H.S. Of (5.6) in terms of following Mellin-Barnes contour integral , we obtain :

W w G, )k 1 il ;

@ (U u; + V) / G) o
I I(U(])x +V())K = | | : T ] W/ / I | D(=C)D(=K;" + ()
j=1 j=1 I'( Kz'(])) (2”0“) 4 woi=1 { ! !

W 6 G
(U (i —uy

I |y |t deiv G.12)
=1 + V77
and

T . T (4) UK T

@) . GI\KD _ (Ui + Vi)™ / G) |~

H (U i + V)™ = H KD 27rw T—w | | / H {F(*Cj)r(*fﬁ +¢;)
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We apply the Fubini's theorem for multiple integral. Finally evaluating the innermost x-integral with the help of (3.2)
and reinterpreting the multiple Mellin-Barnes contour integral in terms of multivariable I-function of (r+ T)—
variables, we obtain the formula (5.6).

6. Multivariable H-function

If Aj=B;= C’j(.i) = D;D = 1, the multivariable I-function defined by Nambisan et al [6] reduces to the multivariable
H-funcction defined by Srivastava et al [11] and we have the two following formulas.
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under the same notations and conditions that (4.8) with A; = B; = C](Z) = Dy) =1

Formula 2
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under the same notations and conditions that (5.6) with A; = B; = C;i) = D]@ =1

7. Conclusion

In this paper we have evaluated two generalized multiple Eulerian integrals involving the multivariable I-functions
defined by Prathima et al [4] with general arguments. The formulae established in this paper is very general nature.
Thus, the results established in this research work would serve as a key formula from which, upon specializing the
parameters, as many as desired results involving the special functions of one and several variables can be obtained.
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