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ABSTRACT 

     In this paper, we give a new method to test the divisibility of an integer by another. Also, we 
make some important annotations on divisibility test on 11 with proofs. We will discuss the 
general divisibility tests by taking advantages of modular arithmetic with polynomials and we 
generalize our observations in systematic way. 

INTRODUCTION 

 We know that, every number has its own divisibility test/rule. For example, (see the table-1 below)[1]. I 
have made some observation on 11, which will produce a quotient. Since all the divisibility rules will describe the 
perfection, but not quotient including 11. Now, I will show the quotient by modifying the divisibility test of 11. 
Also, I will discuss the other interesting observation in the next section.  

 Divisibility Tests Example 

2 
A number is divisible by 2 if the last 
digit is 0, 2, 4, 6 or 8.  

168 is divisible by 2 since the last 
digit is 8.  

3 
A number is divisible by 3 if the 
sum of the digits is divisible by 3.  

168 is divisible by 3 since the sum 
of the digits is 15 (1+6+8=15), and 
15 is divisible by 3.  

4 
A number is divisible by 4 if the 
number formed by the last two digits 
is divisible by 4.  

316 is divisible by 4 since 16 is 
divisible by 4.  

5 
A number is divisible by 5 if the last 
digit is either 0 or 5.  

195 is divisible by 5 since the last 
digit is 5.  

6 
A number is divisible by 6 if it is 
divisible by 2 AND it is divisible by 
3.  

168 is divisible by 6 since it is 
divisible by 2 AND it is divisible by 
3.  

8 
A number is divisible by 8 if the 
number formed by the last three 
digits is divisible by 8.  

7,120 is divisible by 8 since 120 is 
divisible by 8.  

9 
A number is divisible by 9 if the 
sum of the digits is divisible by 9.  

549 is divisible by 9 since the sum 
of the digits is 18 (5+4+9=18), and 
18 is divisible by 9.  

10 
A number is divisible by 10 if the 
last digit is 0.  

1,470 is divisible by 10 since the last 
digit is 0.  

11 A number is divisible by 11 if the 
difference of the sum of the odd and 
even digit numbers of number is 
multiple of 11 

1331 ⇒ (1 + 3) – (3 + 1) = 0 

Table-1 
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One need not memorize motley exotic divisibility tests. There is a universal test that is simpler and much 
easier recalled. Namely, eventually, the polynomials in nested Horner form, using modular arithmetic. For example, 
consider evaluating a 3-digit decimal number modulo 7. In Horner form d2 d1 d0 ( d0 , d1 ,d2  stand for reorganization 
of digits) 

⇒ ((d2.10+d1)10+d0) ≡ ((d2.3+d1)3 + d0 (mod 7)) as we know that 10 ≡ 3(mod 7). So, we can find the remainder 
(mod 7) as follows. Start with the leading digit then repeatedly apply the operation i.e multiply by 3 then add the 
next digit, doing all of the arithmetic (mod 7). For example, let’s use this algorithm to reduce 43211 (mod 7). The 
algorithm consists of repeatedly replacing the first two leading digits dn dn-1 by dn(3) + dn-1 (mod 7), namely 43211. 

≡ 1211 by 4(3) + 3 ≡ 1 
≡ 511 by 1(3) + 2 ≡ 5 
≡   21 by 5(3) + 1 ≡ 2 
≡     0 by 2(3) + 1 ≡ 0 

 
Hence, 43211 ≡ 0 (mod 7), indeed 43211 = 7(6173). 
 

Generally the modular arithmetic is simpler if one use a balanced systems of representatives, e.g. ± 
{0,1,2,3} (mod 7). Observe that, for modulus 11 or 9 the above method reduces to the well-known divisibility tests 
by 11 or 9. 

 

A positive integer written as x = dk....d1d0 (in base 10) is same as j
k

j
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and consider 10j ≡ mj (mod n). 

Then x is divisible by n if and only if n|∑
=

k
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. Assuming that (n,10) =1, 10j is periodic (mod n), the minimal 

period being a divisor �(n). For example, in the case n = 7, we have m0 = 1, m1= 3, m2 = 2, m3 = -1, m4 = -3, m5 = -2 
and then it repeats. So x is divisible by 7 if and only if (d0 - d3 + d6 - d9 +…) + 3 (d1 - d4 + d7 - d10 +…) + 2 (d2 - d5 + d8 

- d11 +..). 
 
In the same way we can develop a new divisibility rule by taking an advantage of modular arithmetic 

without memorizing the table -1 and or beyond.  
 
Now, we will show our first observation on divisibility test 11.  
 

 
OBSERVATIONS 

 
If we add “symmetrically” a number with an every number of digits (eg. ABCD+DCBA), the sum can be 

expressed as a sum of numbers consisting of a pair of one of the original digits (such as A,B,C, or D)  separated by 
an even (possibly zero ) number of zeros and possibly ending with a few more zeros so ABCD + DCBA = AooA + 
BBo + CCo + DooD. We know that given a number anan-1…..a1 is divisible by 11 if and only if an + an-2 +….-an-1 -an-3 

-… divisible by all i.e. 1001 is divisible by all as 1 + 0 – 0 - 1= 0 is divisible by 11. 
 

Now take  12122 ... bbbb nn − and we can see the wonder of the divisibility of  12122 ... bbbbb nn −=  + 

nn bbbb 21221 ... − Then we get b = ∑
=

−++
n

k

knk
kb

2

1

12 )1010( and we only need to prove that 10k + 102n+1-k is divisible by 

11, which we can prove naturally[2]. Finally to prove that it only holds for 2n and we can consider 102n which has 
2n+1 digits and 102n +1 is not divisible by 11. 
 
Main ideas 
 



ANNOTATIONS ON DIVISIBILITY TEST 

 

1) It is a consequence of the test for divisibility by 11. The remainder of the division of a number a by 11 is 
equal to the remainder of the difference of the sum of the odd ordered digits of a from the sum of the even 
ordered digits of a. 

2) And the base 10 properly says for some n the power 10n ≡1(mod 11). 
3) 10≡(-(-10)) ≡-1(mod 11). 

Let a = anan-1…a2a1a0 = an10n + an-110an-1 + ...+ a2102 + a110 + a0 , For (mod 11), we have, 100 ≡ 1, 101 ≡ 10, 
102 ≡ 1, and if n is even 10n ≡ 1, if n is odd 10n ≡ 10 . Thus a ≡ (a0 + a2 + a4 +…) + 10 (a1 + a3 + a5 +...) (mod 11) since 
-10 ≡1(mod 11), we have; 10 ≡ (-(-10)) ≡ -1(mod 11) and a ≡ (a0 + a2 + a4 + …) - (a1 + a3 + a5 +…) (mod 11). For our 
case, for a = A103 + B102 + C10 + D, a ≡ (D+B) - (C+A) (mod 11) and for b ≡ D103+ C102 + B10 + A, b ≡ (A+C) - 
(B+D) (mod 11) and a + b ≡ (D+B) - ((C+A) + (A+C) - (B+D)) ≡ 0(mod 11). For a = A104 + B103 + C102 + D10 + 
E, and b = E104 + D103 + C102 + B10 + A, we have, a + b ≡ (A+C+E) - (B+D) + ((E+C+A) - (D+B)) not congruent 
to 0 (mod 11). Of course, we can generalize this part. The question arrives that, why it is applicable only for 11 and 
why it is valid for even digit of numbers? Here is a possible generalization of the proof above (radix10) for the radix 
r.  

We know that r0 ≡ 1 (mod r+1), r1 ≡ r (mod r+1), r2 ≡ 1(mod r+1), r3 ≡ r (mod r+1),…and ABCDr ≡ (D+B)r - 
(C+A)r (mod r+1), DCBAr ≡ (A+C)r - (B+D)r (mod r+1), we obtain ABCDr+DCBAr ≡ 0(mod r+1).[3] 

Take abcde, If we subtract e from d, getting d1, and we apply the method to abcd1, if the method works for 
abcd1, it yields n such that abcd1 = 11×n. But abcd10 is abcd1×10 = 11 × 10 × n and abcde = abcd1 × 10 + e × 11 
hence abcde = 11 × 10 × n + 11 × e is 11 (10 × n + e). This process that 10 × n + e are ended the correct answer for 
abcde. 

Take N = akak-1…a2a1a0 with k ≥ 1.  If we subtract a0 from a1, getting b1 and we apply the method to akak-

1…a2b1. If the method works for akak-1…a2b1, it yields n such that akak-1…a2b1 = 11n; but akak-1…a2b10 = akak-

1…a2b1×10 = 11 × 10 × n and N = akak-1…a2b1 × 10 + a0 × 11.  

Hence N =11 × 10 × n + 11 × a0 = 11 × (10 × n + a0) 

This process that 10 × n + a0 is indeed the correct answer for N if n was the correct answer for akak-1…a2b1. 
A recursion on the number of digits of N yields the result. 

Remark: we can prove the same by following hint. 

(x + 1)(anx
n + ...+ a1x + a0) = anx

n+1 + (an + an-1)x
n +…+ (a1 + a0)x + a0 where x=10. 

(Which is very easy to prove and I am leaving the same to readers) 
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