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Abstract: In literature, a lot of remarkable definite and indefinite integrals, whose integrand
include various special functions have been given. In this paper, first we establish two
integral formulas involving, multivariable Mittage—Leffler function and modified I-function
of two variables. In the next section we shall give four special cases, out of which two are for
[-function of Shantha Kumari et al. and other two are for modified H-function of Prasad and
Prasad respectively.
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1. Introduction and Preliminaries

In 1903, Mittage-Leffler [3] introduced the function £, () in the following manner:
1
E.7)= Z “T(a e ) )
where o, y e C, R(ax) >0

In 1905, Wiman [8] generalized the function £,(y) and gave the function £, ;(») in the

following manner:

E, ;(»)= Zr( 5 2

where @, f, yeC, R(a) >0, R(B) >0
In 1971, Prabhakar [4] generalized the function £, B (») and gave the function Ei B (») in

the following manner:

(D Y
Eep)= Zr( k+ ) k! ®

where @, B, A, v € C, R(a) >0, R(B) >0, R(A) >0

Saxena et al. [6] gave the multivariable analogue of multivariable Mittage-Leffler function in
the following manner:
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(ﬂ1)k ’“"(j’r)k y/q yk,,
Eﬂ? b 9 = b 9 = 1 r ; : o -
o7 o) = & l(yl > ky ,-zkfo F'(x+ Zizlé;ki) ft k!

where ¥, A, 0, €C, R(x,) >0, Vi=12,---,r

(A ()
¥ r(;(+z S.k,)

For the sake of convenience, let Fy" 5

4

In 1979, Prasad and Prasad [5] introduced modified H-function of two variables and
in 2012, Shantha Kumari et al. [1] defined I-function of two variables. In this paper we are
defining modified I-function of two variables, which is the generalization of both the
modified H-function of two variables and I-function of two variables, in the following

manner:

_ TMLmy Iy Ry iy 1
1 [Zl 2 ] - Ip,q:pl 201202592 P3 93

z|(a e, 45580, , :(cs7,.C3é)),, (e, EU)), , 5(8,.G i P,
ZZ (bj;ﬂjaBj;nj)l,q:(dj;5jaDj;nj)1,ql (fja JaV')l,qqa(hjaHj;Qj)l,q3

(2 o7 )i 1, Y G0 (500, (5,)27 23 s,

where

F”f(b s Bs) r§(1 a,+as +A4s,)
1 2 1 2

W(Spsz)_
HI—*’Z/ (l_b]_ +ﬂjS1 +BjS2) H Fé’ (aj —ajsl _Ajsz)

j=1 Jj=n+1

[Ir7d, =85 +Ds)[ [T (U-c,+7,5-C,s,)

e =1
Uil ' P '
j <
[[r"0-d, +65,—-Dis)[[ T (c,—7,5,+C}s,)
J=1 j=n+1

Hr (f, FSI)HF (1-e,+Es,)

0,(s,) = qJ21
U. V.
| I V(A= f,+Fs) | I ' (e, —E;s)
J=my+l1 J=ny+1
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Hr (h, HSZ)HFQf(l g,+Gs,)

0,(52) = ®)
pP; .
[[ T°0-h+Hs,) | 1%, -Gs)
Jj=nmy+1 J=ny+1

Here, the variables z, and z, are non-zero real or complex numbers and an empty product is
interpreted as unity 7, n,m,, 1, M, , N, , M, , N5, D, 4, P;,q,> Py, P35 are all non-negative
integers suchthat 0 <n<p, 0< m<g¢q, 0<n <p, 0<m <q, 0<n,<p,

0<m,<q,,0<n;<p;,0<my<q; and @;,5,,7,,9;,4,,B,,C;,D,E;,F;,G; and
H]. are all positive. aj,b_,-,cj,dj,e]-,f_,.,gj,hj are all complex numbers. The integration

path L, in the complex S, plane runs from O, —i% to O, +i% so that all the poles of

Y fi—F;s,) for ( =12, mz) lie to the right of L, while all the poles of
g P

r1- e,—Es) for (j=12,m), TV(-a,+a;s —A4s,) for (j=12,---,n)

and T (1 ¢, +y,5,—C;s,) for ( =1,2,- ,nl) lie to the left of L,. The integration

path L, in the complex §, plane runs from O, —i% to O, +i% so that all the poles of
r (h,—Hs,) for ( =1,2,- ,m3) lie to the left of L, while all the poles of
P7(-g,+Gps) for (J=L2wmum), TV (1=a, a5, = 4;5;) for (j=1.2,.n)

and T (I=c,+7;5—C;s,) for( =12, nl)lietotheleﬂofLQ.

The function /[z,,.z, ] defined by the equation (1) is an analytic function of z, and z, if

p P , P q @ ' A
V=g gy, + DU = X = 8, = 2V F, <0 o
J= J= J= J= Jj=

J=1

p % . D3 q P . q3
V,=2.84,+ > mD;+ > PG, =) nB,~> &C > 0H, <0 (10)
=1 =1 =1 =1 =1 =1

exist.

The double integral defined in the equation (5) converges absolutely if

1 1
| arg z, |< Eml and| arg z, |< 57&22 where

Q= 2510‘/‘ Z é +Z771'B Z U]ﬂ Zé Vi~ Z 57//+sz J

Jj=n+1 j=m+1 J=nm+1
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P2 o) )
Y03, +ZUE = 2L UE+QVE = ) ViE>0 (1)

m;+1 Jj=n,+1 j=1 Jj=my+1
and
szzlé:jA] ZléfAJ-i_Zn] j Zlnij—i_Zé]CJ ZFJCJ_’_ZUJ J
j= J=n+ J=m+ J=m+
—an +ZPG Z PG, +ZQH Z OH, >0 (12)
my+1 J=nz+1 Jj=my+1

For simplicity, we shall use the following notations:

U=m,n :m,,n,:m,n, (13)
V=044, Ds:9; (14)
4 =(a;0;,4;58),, (15)
A, =(c;37,,CéD, (16)
A, =(e;, E;3U ), (17)
A4,=(g;;G;5P), (18)
B =3 5;,B,31,)14 (19)
B,=(d;;6,,D;:17),, (20)
By =(f;, 5V, (21)
B,=(h;,H;0)),,, (22)

2. Required Formula

Yury A. Brychkov [9]

274 b T (u+v+1)
r(v+1)r(/‘zw’+1jr(‘”;“’+1)

'fom cos” xcos(ax)J, (bcosx) =

H+v+1l u+v 1._5
2 72 4
v+1,’u+v_a+1 ,u+v+a+1

2 (23)

X, B

118



where R(u+v)>—1

3. Main Integrals
Now we are giving two theorems in which we will get main integrals. After that we will give
four corollaries out of which two for the I-function of Shantha Kumari et al. [1] and two for

modified H-function of Prasad and Prasad [5] respectively.

Theorem 1: Let ¥, A, 6, € C, R(w,)>0,Vi=12,---,] and &, p,, P,,0;,...,0, ER",
R(u)>0. Also let

. h.
R(u)+(p,+ p,) min ER[V] ij >—-1 R(u)+(p, +p,) min ER(Q. —]J > —1.
1<j<m, F ? 1<j<my J H

J J
Further, let ‘arg(zi cos” )‘ <3 Q7 (i=1,2) with Q, the same as in the equations (11) and
(12), then

P
72 .|z, cos” x
cos” xcos(ax)J (bcosx)E% cos” x,...,y, cos” x)[™Y | dx
0 v Sy 1 RN gV

k,

o 0 b2 " 1 ¥, i ‘ z QA
_A-u=2v-1 g Ao 2 i A mn+3.U 1
= 2 7Z'b Z z }75,‘,1[ 4 j k!(zai j [p+3,q+4:V [222/;2

i=l

A, X, X, X, 4y A A,
BV YV, ByiBiB

where

/
Xy =(=p= 0k =v; p.ps; D)

(25)
[
woo| L s 20k v opop
2 s 5 5
2 2 2 2 272 (26)
l
H Zizlalk’ v P P
X, =|-Eo et Y A Py
3 2 2 2 272 (27)
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2 2 2 2 2 2
(28)
/
Y = _:u_Zi:lo-’ i V. P P
2 2 2 27 2 2 2 s
(29)
l
H Z':lo-lkl v.a P P
Y, = ___l—__-'___ra ) 91
. 2 2 2 2 272 (30)
1
y | s 2ok v a_ pop N
! 2 2 2 2 T9279° (31)

Proof: We denote the left hand side of the equation (24) by A. Then we express
multivariable Mittage-Leffler function in the series form with the help of equations (4) and
expressing the modified I-function of two variables in terms of Mellin-Barnes contour
integral with the help of equation (5), we obtain

0 k k 2
A= Z F;j B % . % IO (cos x)" ot ot cos(ax)J (b cos x) x
k ..k 1° l*

|l

now changing the order of integration which is permissible under the given set of conditions,
we get

Fh y1 lkl
A= Z 51]{!'“;(2 )J.j(//(sl,ks*z)é?(sl)é’(SZ)Z1 z7 X

l//(s1 ,8,)0,(5,)6, (s,)(cos x)*" ' (cos x)** ds,ds, } dx
(32)

72 o+ +k o1+ pis Py
XUO (cos x)*HhatHhertante oos(ax).J, (b cos x)dx} ds,ds, .

now evaluating the inner x-integral with the help of integral equation (23), we get

Cos

7/2 ! k.o
J.O e Lkt oy cos(ax)J, (bcosx) =
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/1 z ko= pys;—pysy=2v-1
be-l-z Ko+ s+ pys, VD)

F(V+1)F Zz 1 l+'01S1+'02S2+Va+1]F[ﬂ+Zi1kio'i+,0151+:0252+V+a+1

2 2

I I
lu-I_Zl-:lkiGi + 08, + P8, +v+1 lu-I_Z,-:lkio.i + 0,8, + Py8, +V +1._ﬁ
9
xF 2 2
l !
/1+ZH ko +ps, +p,8,+v—a  u+ Zi_lkiai +p,8,+ p,5, +v+a

v+ - +1, - +1
2 2

)

(34)
now putting the equation (35) in the equation (34), we get

Fh y1 lkl
A= Zk Mkv'"ﬁ(z 5 jj W (s,,5,)6,(5,)0,(s,)z 237

I
2_”_Zi:1kf0i_plsl_p2s2"2V—1 7Z'bv

F(,u+Zj:1kl.c7i +p85,+p,8, +v+1)
l
+p8,+p,8, +v—a 1Jr[y+zilkio; + 08+ P8, +v+a e

X

re+nr| X.ko

2 2

i i )
U+ Zi:l mo,+ps, +p,8, +v+l u+ Zl_:] Mo, + Ps,+ 0,8, +V b
9 +1;_7
X, ] 2 1 2 4 ds,ds,
H+Y MO+ s+ pys, +V—a o U+ MO+ P+ pys, +V+a o

2 ’ 2

v+1,

(35)

Fh y1 lk]
A= Z 51]{!'“;(2 )Jjw(sl,sz)ﬁ(sl)e(sz)zl Zy X

1
e kii=pi$i=pys,=2v-1 I
7 Y kopsi=pasy2v ﬂbvr(ﬂ+zi=1kl.0i + 08, + 0,8, +v+1)

Fv+Dr

l I
’LHZz':lkiai +le1+:0232 tv-a +1]F[/’l+zi1kio-i+21sl+p252 tv+a 1
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y+zl,71 ok +ps+ps,+v+l ﬂ+zl.,1 Ok +ps,+p,s,+v |
= 1= +
2 2 Y
2 1
xz : ! 1y dsds
i i | 4 "2
= HtY, Ok+ps+ps,tv-a | HtY, Ok +ps+ps,+v+a | r!
1= + 1= +

2 2
" ,— (36)

['(a+7r)
I'(a)

now using the relation (a), = » we get

k k
o 0 0 . 1 y 1 l y 1 1
_A=u=2v-1 g A 1 / 51 5
A=2 b Z Z F5,-,z k !(20—1 J I !(20, j (2ﬂ'i)2 L J.LQ W (s1,5,)0 (5))6,(s,)z)' 2,

r=0 k,.k

- y+2j:10ikl.+v+l+plsl+p2s2+r
F(/J+Zl_ lo'ik,-+V+1+p1S]+p2S2) 2
X =
! I
1_£;1+Z:llo;kl+\/+1+,01S1+,02S2J r£u+zllcrlkl+v+p1sl+p2s2+1J
2 2
!
F(y—kzilaiki+v+p1s1+p2s2+1+rJ
2 1
/u+zl- ok +v—a+ps +pys, /J+Z/_ ok +v+a+ps, +p,s, sy
r =] 5 +7|T =] 5 +7
(37)

now interpreting the above equation (37) with the help of equation (5), we get required result
(24).

Theorem 2: Let ¥, A, 6, € C, R(w,) >0, Vi=12,---,l and 4, p,, p,, 6,,-..,0, €R",
R(u)>0. Also let

. h.
R(uw)+(p, + p,) min iR(VJ i] >—1, R(w)+(p, + p,) min m[Q _]] >—1.
1<j<m, Fj 1</ <m, J Hj
Further, let ‘arg(zi cos” )‘ <3Q7 (i=1,2) with Q, the same as in the equations (12) and
(13), then

P
7 A - - vl Zcos™ x
j cos” xcos(ax)J (bcosx)E 5, ,(» cos 7 X,y..., Y, €087 x)]}’:’;'lf/ ! , dx
" Z,C08™* X
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=)7K 2v— lﬂ'b Z Z Fl b2 ’lill i mn+3U 212—/)1 AI’X4’X5’X6 :AZ :A3;A4
o ) Lyssguar 22”(B.Y,Y..Y.Y.:B :B:B
2 1974575556557 =2 3574 (38)

r=0 k .k i=1

where
l
X, =(-u+Y, ok —vip.p;1) 9)
i
ok,
xoo| L#, 2m%h v p
2 2 2 2 2727 (40)
/
H Zi:lo-iki 4 P P
Xe=|-S+=5——5-n551
6 2 2 2 272 (41)
l
Y. = _l_ﬁ+zi:10fkf_z.& Pr.q
5 s 5 s
2 2 2 272727 |, (42)
l
ok,
Yy = —ﬂ+z’zl LA Py
2 2 2’272
(43)
l
H zi=lo-iki v . da P P
Y,=| -7+ +—-r D 91
7 2 2 22 272 (44)
/
ok,
Y, = _,U+Z,:1 i _X_ﬁ_r’ ,01’,02,1
2 2 2 2 272
(45)

4. Special Cases

In this section, by changing parameters, we shall give four special cases of theorem 1
and theorem 2. By taking m,m,,n,, p;,q, =0 we shall obtain two corollaries for the I-
function of two variables given by Shantha Kumari et al. [1].

Corollary 1: Let ¥, 4, 5, € C, R(x,) >0, Vi=1,2,---,/ and u,p,,0,,0,,...,0, ER",
R(u) > 0. Also let

)71 R+ o) i | 0, 510

J

R()+(p + ’02)112;22 m(V]

Further, let ‘arg(zl- cos” )‘ <3Q.7 (i =1,2) with Q,as given below in the equations (46)
and (47).

123



n, n,

Z“ 25]% Z’L +ZU]E, ZUE +ZVF ZVF].>O

j=1 Jj=n+l J=ny 1 J=my+l (46)
and
Q, Zngz z ngJ 277] /+ZPG Z PG +ZQJHJ Z QJHJ >0.

j=n+l J=nyl J=my+1 (47)
Then

P
Z, COS" X
! }dx

72 ‘ N
j cos” xcos(ax)J, (bcos x)E; (3,608 ..., y, €087 x) [V
' 1 z,c08” x

P.q:P2,92:P3,93

? 2
_A—pu=2v-l gy A b 0,n+3:my 1y sy 1y Z
=2 7 z z F5 Z( ] Hk'(zf’ ) IP+3aq+4¢Pz,42§P3=‘h[ 2P
)

ALXLXL X A A,
r=0 k,..k i=l ? B1>YI>Y2>Y;aY4:B3;B4 (48)

where A4,4,,4,,B,B,,B,,X,,X,,X;,Y,Y,,Y,,Y, are already given above in the

equations (15), (17), (18), (19), (21), (22), (25), (26), (27), (28), (29), (30) and (31)
respectively.

Corollary 2: Let g, ﬂ‘i’ é‘z EC,ER(/JJ>O, Vizlaza"'al and Hs Prs Pr5015...,0; ER+=
R(u)>0. Also let

f , h,
Ff > =L R(u)+(p + p,) min R Q"FJ,- >—1.

J

R(u)+(p,+ p,) min m(VJ

Further, let ‘arg(zi cos” )‘ <3 Q7 (i=1,2) with Q. as given below in the equations (49)
and (50).

Y
Q ij“j‘zgj% ZUJ +Z z UE, +ZVF Z Vij>0

j=n+l Jj=m+1 j=1 Jj=my+1 (49)

and

Q Zngl z gJAJ Zn] ]+ZPG Z PG +ZQJH] Z QJHJ >O'

Jj=n+l Jj=ny+l Jj=my+1 (50)

Then
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o
72 _ . ) T z,c08” x
IO cos” xcos(ax)JV(bcosx)Eg?’ ,(rcos™ x,..., y, 008 X)L { 1 o }dx
z,c08” x
2

k,

i

0 0 2\ -P
— 2—;1—2\»—1 ﬂ_bvz F/L _b_ Hl L IO,n+3:mz,nz:m3,n3 Z) 2
Wzl Yy kIl 9o | T pEarhpaipsgs
k..k i=1 Ve

-p
prs 2,277

A, X, X, X 4 4,
BI’Y;UY;’Y%’Y7:B3;B4 (51)

where A, 4,,A4,,B,B,,B,,X,, X, X,Y;, Y., Y.,Y, are already given above in the

62L5sdgaL7s
equations (15), (17), (18), (19), (21), (22), (39), (40), (41), (42), (43), (44) and (45)
respectively.

Now by taking &;, §] 755 771 UV, P, 0O, =1we shall obtain two corollaries for
the modified H-function of two variables given by Prasad and Prasad [5].

Corollary 3: Let ¥, 4, 5, € C, R(u,) >0, Vi=1,2,---,] and u,p,,0,,0,,...,0, €R",
R(u)>0. Also let

h,
R(w)+(p, +p2)1min SR[%] >-1. R(u)+(p, +,02)lmin ER[H—’J >—1.
<j<m, . <j<m, )
J J
Further, let ‘arg(zl- cos” )‘ <3 Q7 (i=1,2) with Q. as given in the equations (52) and

(53).

n p m q m Py ny
Q, :ZO‘;_ Z ;) +Z'BJ - Z 'B.f+z7j - Z g +Z§J.
Jj=1 Jj=n+1 Jj=1 Jj=m+l j=1 J=m+1 j=1
Uil m ) 1) 9
=D 8+ E= D B+ F— Y F>0 (52)
m;+1 j=1 J=ny+1 j=1 Jj=my+1
and
n p m q m Py ny
Q, = AJ_ZAJ+ZBJ_ZBJ+ CJ_ZCJ+ZD]
j=1 Jj=n+1 Jj=1 Jj=m+l j=1 Jj=n+1 j=1
a3 3 D3 M3 93
=2 D +>.G,= 3 G+ H,— Y H >0 (53)
m;+1 j=1 J=ny+1 j=1 J=my+1
Then

P
72 vl z, cos” x
I cos” xcos(ax).J, (bcosx)E? L,y cos” x,...,y,co8” X)H q”,f/ ! dx
0 ’ z, c0s™” x
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_2y2v17z_b Z Z Fi v ﬁl i mn+3:U Zl _pl AS X A()A7’A8
R B k! Hossarar 2,2 Bs,Yg,YIO,YH,Y BiBiB
where
4 :(aj;aj’Aj)l,psA6 :(Cj;yj’cj)l,pl , 4, :(ejan)l,pz , Ay :(gj;Gj)]’p3, (55)
By =358y, Bo=(d;36,,D)),,, By = ([} )1, , By=(h Hy), (56)
l
X, =(-u=Y. ck—=vip.p,) .
v | 1w 20k v pops
8 2 2 2 2 7272 (58)
/
y_| # 2ok v pop .
’ 2 2 2 7272 (59)
l
|1 u 2%k v opop
’ 2 2 2 27272
(60)
/
v _|_#_ 20k v p op
10 — 9 ’
2 2 27272
(61)
[
Y. = _E_M_XJFE_F.& P o
i 2 2 22 272 (62)
l
yo_| s 2k v a_ pop,
12 ) ’
2 2 2 2 272
(63)

Corollary 4: Let ¥, A, 5, € C, R(u,) >0, Vi=1,2,---,] and u,p,,0,,0;,...,0, €R",
R(u)>0. Also let

iR(y)+(p1+p2)mmfR£1];]> -1, iR(y)+(p1+p2)m1niR([};]>l.

1<j<

Further, let ‘arg(zl. cos” )‘ <3 Q7 (i=1,2) with Q, as given below in the equations (64)
and (65).

Q, Za—Za +Z,B Z,B+Zy] 27//"'25

Jj=n+1 Jj=m+l J=m+1
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my

—25 +ZE ~ Z E, +ZF i F,>0

m;+1 J=ny+1 J=my+1
and
n p m q 1 D1 ny
Q, = AJ_ZAJ+ZBJ_ZBJ+ CJ_ZCJ+ZD]
j=1 Jj=n+1 Jj=1 Jj=m+l j=1 J=m+1 j=1
a3 3 D3 13 93
2 D426 = 2 Gty Hy= D, H >0
m;+1 j=1 J=ny+1 j=1 J=my+1
Then

IO”/Z cos” xcos(ax)J (bcos x)

z,c08” x
A -0y = m,n:U
Ey (ycos ™ x,...,y,co8 " x)H {

z,c08"” X

—U—2v- v r l 1 mn+:
:2 - lﬂb Z Z F;Z[__j H;[_j p+3,q3+l4]kV[ 2 0
2

r=0 k,.k i=l

where

As=(a;;05,4)), ,, 4 =(c371:C) 1y A = (e, B, 5 A =(85G),

BS :(bjﬂﬂjﬂBj)l,qa B6 :(djﬂé‘j’D])l,ql s

B7 :(f;'aFj)l,% 5 B8 :(thHj)l,%

[
X, = (—,u+z__ ok, —Vv; ., p,)

x. o L# DI u_z_,,.&&J

22 2 2 2 2

1
Y. = _1_ﬁ+2f=16’k’ V.P P
13 9 9
2 2 2 22 21,
1
Yy = _lLl+Zi:lO-iki_X._1 P
14 9 ’
2 2 2 2 2
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8] (66)

By, Y3, Xy, X5, Yo By 1 By B

(64)

(65)

(67)

(68)

(69)

(70)

(71)

(72)
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